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( deterministic time series )
( stochastic white noise )
BDS ( correlation exponent test )

. ( Brock Deckert Scheinkman test )

( )

BDS
(deterministic chaos)
. (stochastic source)
Using The Probabilistic Fractal Dimension to Decide
if a Time Series is Chaotic

ABSTRACT

In this paper, we use several ways to distinguish between the
deterministic time series and stochastic white noise by using
correlation exponent test and the BDS test ( Brock Deckert
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Scheinkman ) ,through simulating a large number of data for
testing the efficiency of these methods on several different
models.

We found that the correlation exponent tests can distinguish
white noise from chaos, however it can not distinguish a white
noise from a chaotic process mixed with small a mount of white
noise .

By putting a white noise as the null hypothesis the BDS test
rejects the null hypothesis when the data came from from
stochastic source.

Introduction -1

( Berliner. 1992 )
. ( Gulick. 1992 )

X
( identical independent distributed ) (i.i.d )

Xi ( variance ) ( mean )

COV (X,: X, )=0 .k#0 ( autocovariance )
. (Hesieh, 1991 )

(on-periodic trajectory )

)
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( white chaos )

e Xe  ( Tent map )

a X if 0<x <a
Xt = -1 .
(l_a) (1- X ) if a SXt-l <1
( autocorrelation )

( Autoregressive) AR(1)

(1.1

0.5 a
X .( Brock & Baek, 1991) ( i.i.d)
X=a
X =1—[1—a—(1—a)2+(1—a)3+ ...... (=1 (1-a) " +(=1)" a(1_ak} k>0
( Logistic map )

X =4x.(I=X,_,) (12

.(0.1) X
Partial ) ( autocorrelation)

( autocorrelation
X
Xi I

corr ( X X.)=0 k=0 Kk
CONT ((X;-X.) =022 X
X
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BDS

Correlation Exponent -2

X . .

( correlation integral ) C(e)

C(e) - Nllircl)o N*Z{numberofpairs (i, j) such that‘xi—)(j‘<g} (2.1
C(e)
LV Cle) ¢
C(e) ~g -2
correlation ) v

¢—0 dLog(e)

2 ( dimension

Xeer = FOX) _ V

. ( Grassberger & Procaccia, 1983 )
Xt,m

Xt’XtH’Xuza oo Xiemal (23)



[99] 2009 (16) dailna¥l oglall dail y2ll dlaoll

numberv of pairs (i, j) such that corresponding
Cn(e) =lim N
m N components of X;,, and X, are less than ¢

V. =lim dLogC,,(¢)
¢—0 dLog(e)

( embedding dimension ) m

. ( Grassberger & Procaccia, 1983 ) .

Vo=V, m>V

Low — dimensional
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( Scheinman & Lebron, 1989 ) . ( ordinary linear regression)

Generalized ) ( Ramsy & Yauan, 1990 )
random ) ( Cutler 1991 ) . ( least square
( Ramsy & Yauan, 1990 ) . ( coefficient regression

LogC_(¢) Log(e)
. ( Brock & Baek, 1991 )

( Smith & Richard, 1991 )
. ( Smith & Richard, 1992 )

2 ( Point Estimator )
Log C (¢)-Log C (¢ )
= u LA 2.4
V" "Log g)-Log (s,) (24)
3,:¢j Ein &
. (23) 2 Cin(€j) <izt « O<g<l
& %)
(2.6) (25)
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J Vm,j
. ( Brock & Baek, 1991 )
X, 1id
X, iid
X
VvV . I
m, j
& ( embedding dimension ) M
. 5900 500
_nal _
500 1
2 1 m . 5900
. j>25 & 10 54 3

( Ramsy&Yauan,1990 ) ( Denkar&Keller,1986 )
E Ir 11

E II
. (Ramsy & Yauan 1990 )
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(. )

( Independent measurement error )

Zt:Xt+gt ........... (25)
E ( 12) Xt

( Gaussian white chaos )

AV

) yt Xt
5 (2005

number of pairs (1, j) such that

yi+h Bl yj+h

<¢ ,

C.(xy.©)=limN > <&l .26

N—o

Xi+h N Xj+h
h =0.12,..,m-1

im——— (2.7)
Vel Log(?)
Y. X V. (¥.6) Vv, (X.¢)
X =Y, (1)
V=3V ()
Y. X (2)

V;:%[Vm(x,g)+vm(y,g)] ........... (2.8)
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The test of BDS BDS -3
1980 BDS Schenman, Dechert, Brock
( Brock & Dechert, 1987 )
C.®) .( Brock & Dechert, 1996 )

(2.3)
5.(M&)=C.(&-C,@ e ( 3.1)
H.:x, is iid ... (3.2)
g, (Mme) = NO.,q)  ......... (3.3)
m q s
BDS
c(11.d)
BDS
x. AR(P) ( Autoregressive )
AIC
BIC (Akaikaikes Information Criterion)
(p) ( Bayesian Information Criterion )

( Tong, 1990 )
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(1.id)
BDS \Y
2 1 AR 5%
( Moving Average ) MA
v
125 1 BDS
( Tent map )
.V
BDS
1i.d BDS
( Bilinear model ) BL 90% -
(Bilinear Moving Average ) BLMA
.(35) (34)
(BL) K =0T X Eat X, eveneenns (3.4)

(BLMA) x =04x_,-03%,+05%X,_ g.,+08g +¢g, (3.5)
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50% BDS
(NLMAI1, NLMA2)
(TAR) ( Non linear Moving Average )

( Threshold Autoregressive model )
( ( Non linear Autoregressive ) ( NLAR)

(NLMAT) X=&04g ,+t03g +05c g | -rnenn (3.6)
(NLMA2) x =g -03g_+02g_+04g g —025¢. ..(3.7)
09y +g if <1
(TAR) x| X=7& 0 Rd=0 (38)
03x_ ,te, i |x >1
0.7x,,
(NLAR) X, = T T (3.9)
2+‘Xt—l‘ t
(iid) BDS
\%
. (NLMA2 )

& L& j m
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Conclusion -4
(1) (1)
(2)
(10 ) (11 )
(I )
(3)
(IV )
BDS (4)
(BL)
(V ) (BLMA )
(5)
(V ) (TAR)
(6)
(V )J(NLAR )
& (7)

(o)
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I
(PACF) (ACF)
( Lag) 152
2
Z A

Lag | ACF | PACF | ACF | PACF | ACF | PACF | ACF | PACF
1 0.001 | 0.001 | 0.016 | 0.016 | -0.215 | -0.215 | -0.221 | -0.221
2 | -0.006 | -0.006 | 0.006 | 0.006 | -0.058 | -0.110 | 0.001 | -0.050
3 -0.012 | -0.012 | 0.004 | 0.004 | -0.024 | -0.066 | 0.001 | -0.009
4 0.001 | 0.001 | 0.006 | 0.006 | 0.000 | -0.030 | 0.005 | 0.004
5 0.004 | 0.003 | -0.001 | -0.001 | 0.005 | -0.008 | 0.004 | 0.007
6 | -0.008 | 0.008 |-0.025| -0.025 | -0.008 | -0.013 | -0.026 | -0.025
7 | -0.003 | -0.003 | 0.003 | 0.004 | -0.003 | -0.009 | 0.010 | 0.000
8 0.006 | 0.006 | -0.003 | -0.002 | 0.009 | 0.004 | -0.003 | -0.002
9 |-0.006 | -0.007 |-0.002 | -0.002 | -0.008 | -0.007 | -0.004 | -0.005
10 | 0.003 | 0.003 | 0.012 | 0.012 | 0.006 | 0.004 | 0.014 | 0.012
11 | -0.006 | -0.006 | -0.005 | -0.006 | -0.005 | -0.004 | -0.011 | -0.006
12 | -0.010 | -0.010 | 0.013 | 0.013 | -0.012 | -0.014 | 0.018 | 0.015
13 | 0.016 | 0.016 |-0.014 | -0.015 | 0.021 | 0.015 | -0.019 | -0.013
14 | -0.015 | -0.015 | 0.007 | 0.007 | -0.021 | -0.016 | 0.009 | 0.003
15 | 0.009 | 0.009 | 0.005 | 0.004 | 0.006 | 0.000 | 0.004 | 0.006
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11
J m

j

(24) V.| - £,=(09)
500 5900
m m

J 1 2 3 4 5 10 1 2 3 4 5 10
2 1072]1.62|236(299 [3.65| 696 || 0.64 | 1.43|2.07 |2.64|3.20| 6.04
4 [064]1.18[1.89|2.87|4.04| 1059 0.68 | 1.27 | 2.04 | 3.06 | 431 | 10.98
6 |066|1.05|153]1.68|189| 3.06 || 068|1.01|152]|1.67]1.99 | 3.45
8 1072092108 1.19 131 1.93 [|0.70]0.97 | 1.17 | 1.46 | 1.59 | 2.55
10 | 0.73 1092 | 1.07 | 137 | 1.83 | 482 [|0.72 | 0.94 | 1.06 | 1.30 | 1.66 | 3.85
12 | 0.78 | 091 | 1.07 | 1.21 | 1.28 | 2.66 || 0.72 | 0.90 | 0.99 | 1.13 | 1.19 | 1.82
14 | 0.68 | 0.84 | 091 | 1.00 | 1.17 | 1.46 | 0.75 ] 0.91 | 0.99 | 1.08 | 1.19 | 1.62
16 | 0.78 | 0.96 | 1.05 | 1.00 | 0.95 | 0.80 [ 0.76 | 0.89 | 0.97 | 1.02 | 1.14 | 2.16
18 | 0.66 | 0.80 | 0.78 | 0.84 | 0.91 | 0.80 | 0.77 | 0.90 | 0.97 | 1.00 | 1.08 | 1.32
20 | 077 1090 | 092 | 1.02 | 1.12 | 0.76 || 0.78 | 0.90 | 0.96 | 0.98 | 1.02 | 1.19
22 1077 1 0.89 | 0.90 | 0.94 | 0.96 | 0.79 || 0.78 | 0.89 | 0.95 | 0.95 | 1.02 | 1.33
24 1086|089 ]0.93]092]090| 1.04 [[0.78 088 |0.93|0.97|0.99 | 1.22
26 | 0.81 | 0.95]0.99 | 1.01 | 093 | 0.39 || 0.81 | 0.91 | 0.96 | 0.99 | 1.02 | 1.05
28 1079 | 0.81 | 0.86 | 0.87 | 0.83 | 0.45 | 0.80 | 0.88 | 0.94 | 0.96 | 0.99 | 1.14
30 | 0.74 | 0.88 | 1.00 | 0.98 | 0.97 | 1.08 [ 0.81 | 0.89 | 0.95 | 0.98 | 0.98 | 1.11
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111
m

j

(24) Vm,j ) ng(O,g)
500 5900
m m

Jo v | 2| 3|4 |5 |01 |2 |3 ] 4]|5]/ 10
2 | 0.00 | 0.00]|0.01]0.02|002]| 005 000|000 0.00| 0.00]| 000 0.00
4 003006009012 015|030 0.00]| 000|001 |00L]|00L| g0p2
6 |011]022(033]044]|055]|1.13]0.02]0.04] 006|008 |009]| 0.19
8 026051076 101126258/ 0.08]0.16| 024032040 | 0.80
10 | 040 | 0.81 | 1.22 | 1.63 | 2.04 | 420 | 020 | 0.41 | 0.61 | 0.82 | 1.02 | 2.04
12 [ 057 | 1.16 | 1.74 | 232 | 2,89 | 583 [ 036 | 0.73 | 1.09 | 1.45 | 1.82 | 3.64
14 [ 072 | 1.46 | 220 | 2.94 | 3.69 | 7.59 | 0.52 | 1.04 | 1.57 | 2.09 | 2.62 | 5.24
16 [ 078 | 1.56 | 2.34 | 3.13 | 3.91 | 7.49 || 0.66 | 1.32 | 1.97 | 2.63 | 3.30 | 6.61
18 [ 088 | 1.80 [ 2.76 | 3.74 | 473 | 9.79 | 0.76 | 1.52 | 2.28 | 3.04 | 3.81 | 7.61
20 | 088 | 1.75 | 2.62 | 3.46 | 439 [ 9.70 | 0.84 | 1.68 | 2.52 | 3.35 | 420 | 8.43
22 1095 | 186|287 | 387|517 |385] 089 |1.78 | 2.67 | 3.55 | 443 | 8.46
24 | 096 | 190 | 290 | 3.64 | 433 | 3851093 | 1.86 | 2.79 | 3.73 | 4.69 | 9.24
26 | 099 | 2.01 | 2.81 | 419 | 522 [ 3851095 |1.90 | 2.85 | 3.79 | 4.75 | 7.14
28 | 099 | 1.89 | 2.64 | 3.56 | 2.99 | 3851 0.97 | 1.94 | 2.91 | 3.85 | 4.86 | 8.84
30 | 0.99 | 2.05|3.08|506| 852385097 195293393494 |11.89
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IV
=V 012= 59000 =
sl ekl ol -
cany) el ol
500 5900
m m
j 1 2 3 4 5 |10 || 1 2 3 4 5 | 10
V=001, S=12 V=0.001 , S=120
2> 1001 100270037004 7]0.05][0.06]032]0.66[1.00][1.35]1.69 | 2.04
4 |021|042]064]086|1.07|129]065] 151|227 294359425
6 | 055|117 |1.79 | 241 |3.03|3.65)0.67|1.19] 191|279 |3.73 | 469
8 | 067 | 132202274346 |4.19]0.69 | 1.02 | 1.40 | 1.59 | 1.83 | 2.04
10 | 070 | 1.15 | 1.64 | 2.11 | 2.59 | 3.07 || 0.71 | 0.97 | 1.17 | 1.45 | 1.69 | 1.95
12 [ 073 | 1.08 | 138 | 1.69 | 1.99 | 2.29 | 0.71 | 0.92 | 1.03 | 1.24 | 1.43 | 1.62
14 | 076 | 1.10 | 136 | 1.62 | 1.86 | 2.11 | 0.73 | 0.93 | 1.00 | 1.12 | 1.23 | 1.32
16 | 0.80 | 1.19 | 1.49 | 1.80 | 2.10 | 2.39 | 0.76 | 0.93 | 1.01 | 1.08 | 1.18 | 1.27
18 | 0.84 | 132 | 1.73 | 2.14 | 2.55 | 2.96 | 0.78 | 0.94 | 1.02 | 1.07 | 1.17 | 1.26
20 | 0.88 | 1.47 | 2.01 | 256 | 3.12 | 3.67 | 0.79 | 0.97 | 1.07 | 1.13 | 1.21 | 1.30
22 | 091 | 1.61 | 227 [ 2.92 | 3.56 | 422 | 0.81 | 1.03 | 1.19 | 1.29 | 1.40 | 1.50
24 | 094 | 1.72 [ 250 [ 327 | 403 | 475|084 | 1.14 | 139 | 1.58 | 1.78 | 1.96
26 | 0.69 | 1.80 | 2.63 | 3.49 | 439 | 535 || 0.87 | 1.29 | 1.67 | 2.02 | 2.36 | 2.70
28 | 0.97 | 1.87 [ 275 | 3.70 | 474 | 5.69 || 0.90 | 1.44 | 1.96 | 2.46 | 2.94 | 3.41
30 | 098 | 1.91 | 2.81 | 3.71 | 455 | 541 [ 0.93 | 1.59 | 2.23 | 2.86 | 3.48 | 4.12
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BDS
S (m,g j) BDS 5%
J
g=08) g m
m m m
1 2 3 1 2 3 1 2 3
j AR(1) AR(2) MA(2)

1 0.931 | 0.885 | 0.885 0.916 0.892 0.877 | 0.909 | 0.860 | 0.864
2 0.350 | 0413 | 0.439 0.338 0.405 0.442 || 0.344 | 0.436 | 0.448
3 0.140 | 0.161 | 0.164 0.136 0.173 0.183 0.150 | 0.201 | 0.200
4 0.086 | 0.092 | 0.099 0.098 0.106 0.107 | 0.100 | 0.126 | 0.130
5 0.065 | 0.066 | 0.068 0.065 0.083 0.082 | 0.089 | 0.102 | 0.100
6 0.061 | 0.058 | 0.057 0.061 0.068 0.079 | 0.073 | 0.094 0.89
7 0.062 | 0.068 | 0.059 0.059 0.064 0.079 | 0.087 | 0.091 | 0.100
8 0.070 | 0.064 | 0.078 0.063 0.079 0.100 || 0.092 | 0.095 | 0.116
9 0.082 | 0.082 | 0.117 0.073 0.094 0.119 | 0.104 | 0.130 | 0.157
10 0.107 | 0.124 | 0.157 0.102 0.124 0.155 0.132 | 0.158 | 0.226
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\%
Logistic map Tent map BL BLMA

j 1 2 3 1 2 3 1 2 3 1 2 3

1 0]0.985|0.88710.776 | 0.872 | 0.847 | 0.969 | 0.907 | 0.911 ) 0.975 | 0.931 | 0.934
2 0.955 0.961 0.978 0.999 0.802 0.592 0.546 0.584 0.579 0.393 0.391 0.400
3 0.946 0.504 0.456 0.463 0.499 0.462 0.638 0.688 0.677 0.352 0.388 0.395
4 1.0 1.0 1.0 1.0 1.0 0.985 0.978 0.920 0917 0.675 0.725 0.717
5 1.0 1.0 1.0 1.0 1.0 1.0 0.970 0.988 0.989 0.897 0.932 0.927
6 1.0 1.0 1.0 1.0 1.0 1.0 0.988 0.996 0.995 0.971 0.988 0.990
7 1.0 1.0 1.0 1.0 1.0 1.0 0.990 0.996 0.995 0.991 0.995 0.995
8 1.0 1.0 1.0 1.0 1.0 1.0 0.987 0.997 0.996 0.992 996 0.996
9 1.0 1.0 1.0 1.0 1.0 1.0 0.983 0.996 0.998 0.998 0.996 0.997
10 1.0 1.0 1.0 1.0 1.0 1.0 0.981 0.993 0.991 0.986 0.997 0.996
J NLMAI NLAR TAR NLMA2
1 0.969 0.925 0.902 0.942 0.910 0.906 0.896 0.853 0.861 0.894 0.824 0.832
2 0.405 0.480 0.518 0.381 0.486 0.516 0.325 0.408 0.453 0.375 0.426 0.442
3 0.091 0.124 0.139 0.090 0.117 0.125 0.168 0.186 0.202 0.343 0.417 0.417
0. 0.080 0.120 0.150 0.082 0.100 0.103 0.187 0.185 0.182 0.371 0.464 0.455
5 0.084 0.142 0.172 0.089 0.123 0.143 0.196 0.190 0.181 0.356 0.451 0.457
6 0.081 0.165 0.194 0.126 0.171 0.209 0.145 0.134 0.132 0.328 0.435 0.436
7 0.075 0.171 0.208 0.182 0.254 0.347 0.102 0.094 0.098 0.303 0.418 0.429
8 0.075 0.170 0.234 0.242 0.372 0.489 0.195 0.168 0.168 0.285 0.402 0.414
9 0.073 0.174 0.242 0.336 0.511 0.718 0.334 0.314 0.298 0.282 0.394 0.413
10 0.065 0.182 0.245 0.417 0.711 0.914 0.464 0.443 0.391 0.273 0.400 0.420




