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1. Introduction

Levine, N. introduced the concept of semi- open sets in 1963 [7], and it enhanced numerous significant foundational
notions of general topology. In 1965, Njastad, O. presented the idea of a- open sets, a subclass of semi- open sets. Moreover,
for every T © t%and t“ is always a topology on X, where % denotes the family of all a - open sets of (X, ) (cf. [10], [11])
Askandar, S.W.,[3] in 2012, offered the notion of i — open sets, which is a subclass of semi- open sets. Mohammed, A.A. and
Abdullah, B.S.,[9] in 2019, introduced the concept of ii- open sets and inter open sets. Ashaea, G. S. and Yousif, Y.Y., in [4],
in 2021, introduced some types of mappings in bi-topological spaces. Yousif, Y. Y. and Hussein, N. A., in [17], in 2024, studied
the o—a-connected fibrewise topological spaces. Saleh, E.A. and Sulaiman, B.M., in [14], in 2023, introduced the concept of
micro-grill-generalized open set. In our study, we use these classes mentioned above to compare and to find similar properties
and characterization of i-semi-inter open sets. The class of i-semi-inter open sets perhaps to enter together with classes such
as, pre- open sets [8], semi-open sets [7], a- open sets [10], B- open sets [1], regular open sets [15], regular semi- open
sets [5], b- open sets [6], pre semi open sets [8], §- open sets[16], 8- open sets[16], i- open sets [3]. There are four parts in
this work. In the first part, we recall that semi- open sets, a- open sets, i — open sets and ii- open sets. In the second part,
we define i-semi-inter open sets, and we provide numerous examples. Also, we study the relation and compare i —semi-inter
open sets with semi —open sets, a- open sets and i — open sets respectively. In the third part, we define the Topologically
Extended for i —semi-inter open sets, Non- Topologically Extended for i —semi-inter open sets. Finally, in the fourth part, we
study some properties of i — semi — inter open sets. Throughout this paper, we denote by TS a topological space. We denote
the closure (respectively, the interior of a set K) as CL(K), (respectively, Int(K)), where CL(K) is the intersection of all closed
sets containing K, Int(K) is the union of all open sets contained in K [12,13].
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2. Preliminaries

This portion will provide numerous fundamental definitions for a variety of open (closed)sets in 7., also we review the
fundamental theories of sets in 7.
Definition 2.1. A subset K of a 7S (X, 7) is said to be

a- .[7]"Semi- Open Set", for short (S0s), if K € CL(Int(K)). The family of all semi-open sets is denoted by 5.
b- [10]"a —Open Set", for short (a0s), if satisfies the condition: K € Int (CL(Int(K ))) The family of all a -open sets is
denoted by 7¢.

c- [3]"i — Open Set", for short (10s), If an open set G # @, X exists, then K € CL(K N G). The family of all i-open sets is
denoted by 7!
d- [9]"Inter- Open Set", for short (INTOs), If an open set G # @, X exists, then Int(K) = G.
e- [9]"ii- open set", (I10s), if there exists an open set G € 0(X), in which G # @, X,
K € CL(K N G), Int(K) = G. The family of all ii-open sets is denoted by 7/ and it is always a topological space.

Definition2.2. Let K be a subset in a 75(X, 7), then:

An " Semi- interior"[7] [ respectively, "a- interior"[10] and "i- interior"[2,3]) of a set K is the union of all SOs (respectively,
(a0s) & (10s),) over X included in K, denoted by sint (K) [ respectively, alnt (K)& IInt (K)).
"Semi-closed" for short (SCs) [7] (respectively, "a-closed" for short (aCs) [10] and "i —closed set" for short (ICs) [2,3]) is the
whole complement of SOs (respectively, aOs & 10s ).
The "Semi-closure"[7] (respectively "a- closure"[10] and "i- closure"[2,3] of K is indicated by SCI (K) (respectively, aCl (K)
& ICL (K)) is the intersection of all SCs (respectively, aCs & ICs) over X comprising K.
Proposition2.3. [3] Each Os is a [0s.
Proposition2.4. [3] Each Cs is a ICs.
Proposition2.5. [3] Each SOs is a [0s.
Propositin2.6. [10] Each aOs is a SOs.
Proposition2.7. [3] Each aOs is a 10s.
Proposition2.8. [7] Each Os is a SOs.
Definition 2.9. [12,13] Let K be a subset of X, and let (X, 7) be a TS. The term "limit point of K" refers to a point x € X if, for
every open set G that contains x, then (K N G) \ {x} # @, "The derived set of K" is the set of all limit points of K, and it is
represented by D (K). K is closed if and only if D(K) < K.

Definition.2.10. [12,13] Let (X, 7) be a 7S and let K be a subset of X. The Interior of the complement of K is called the "Exterior
of a set K", and denoted by Ext(K), and defined as:

Ext(K) = Int(K°©).

Definition2.11. [12,13] Let K be a subset of X, and let (X,7) be a 7S. "The boundary of a set K" is indicated by b(K), and
defined as: b(K) = (Int(K) U Ext(K))C.

3. i-Semi-Inter- Open Sets

In this section, we define the concept of i-semi-inter open sets, also we study the relationship and compare i-semi-
inter open sets with Os,(resp. SOs, a0s,10s).

Definition.3.1. A subset K of 7S (X, 7) is referred to as "Semi-Inter Open Set" (in short S.INTOs) if there exists a semi —open
setS # @, X in (X,71),1.e. sint(K) =S, where sInt(K) is the union of all semi -open sets which are included in K.( i.e. K is
said to be semi-inter open set if sInt(K) is not a trivial semi-open set). We indicated by t5/"Tto the entire family of semi-inter
open sets in X with @ and X.

The complement of semi —inter open set is known as “semi-inter closed set" (in short S.INTCs). We indicated by
T¢SINT o the family of all semi-inter closed sets in X with @ and X.
Definition.3.2. If a subset K of a TS(X,T) meets the following conditions, it is referred to as a " i -Semi-Inter Open Set"
(abbreviated I.S.INTOs):

1- K isi- open set.



EDUSJ, Vol, 35, No: 2, 2026 (1-14)

2- K is semi-inter open set, i.e. there exists a semi- open set S # @, X in (X, 7) with
sint(K)=S.

We denoted by t/5"NTto the family of all i-semi-inter open set with @ and X.

TISINT = (1 0 £SINT) U {9, X).

The "i-semi-inter closed set" (abbreviated I.S.INTCs) is the complement of i-semi —inter open . The family of every
i-semi-inter closed sets in X with @ and Xis represented by T¢/S/NT

Definition.3.3. A subset K ofa 7S(X, 7) is said to be "i —Semi Inter Closed Set" (in short . S. INT Cs)if it meets the requirements
listed below:

1- K isi-closed set.
2- K is a semi-inter closed set, i.e. there exists a semi-closed set C = @, X in (X, 1) with sCL(K) = C.

Example.3.4. Let X = {p,q,u,v},T = {¢, {p}, {u,v}, {p, 1, v}, X}

™ = X, {3, wv}{p 4} {4} ¢}

! = (¢, {p} {u} (v} {w v {p.w v . a} {p. wl ip V32, 0. w3 {2, 4. v} (g ub {a, v} (g, w, v} X
= {¢.{p} {w v} {p, w v} {p. 9} (g, u. v} X}

TN = {9, {p}, (w v} {p, w v} {2, 9} {p. w}, (P V). (g, u} {9, 4, v} {p,w, v}, X}
TSN =, {p} (w v} {2, w3 {2, 4} {p. w2, 3w {2, v} P, 3, v} {g, w, v} X}
TSI = (X, {q, w,v], {p, a}. {a}, {u, v}, {q, v}, v}, {q, u}, {u}, {p}, 0}

Example.3.5. Let X = {p,q,u}, v = {¢,{p}. {9}, {r. 4} X}

¢ = {¢,{g, u} {p, u}, {u}, X}

' ={¢.{p}{a} {# 9} (p. u} (g, u}, X}

™ = {¢.{r} (@} {» @} {p,u}.{a,u}, X}

T = {¢,{p}.(a}. (. a}. (p,u}. (g, u}, X}

SN = {¢, {p}. (g} {p.a} {p, u} {q,u}, X}

Remark.3.6. The intersection of two i —semi-inter- open sets is not necessarily to be i-semi-inter- open set.
In Example.3.5. we see that {p,u} and {g,«} are I.S.INTOs but {p,u} N {g,u} = {u}isnot .S.INTOs.
Theorem.3.7. Each aOs inany TS is[.S.INTOs.

Proof: Let K be aOs in (X, T), since each aOs is a I0s (By the Proposion.2.7), we get K is I0s
Also, since each aOs is a SOs (By the Proposion.2.6)), we get K is SOs, Therefore, sint(K) = K, Hence, K is S.INTOs,
Then K is I.S.INTOs.

It is not required for the opposite of “Theorem 3.7” to be true:
In Example.3.4. ©* = {@, {p}, {u, v}, {p,u,v},X},K = {p,v} is [.S.INTOs but it is not aOs.

Theorem.3.8. Each SOs in any TS is S.INTOs.

Proof: Let K be SOs in (X, 1), we get sInt(K) = K, which is SOs (by suppose),
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hence K is S.INTOs.

It is not required for the opposite of “Theorem 3.8” to be true:

In Example.3.4. K = {p, g, v} is S.INTOs, but it is not SOs.

Theorem.3.9. Each SOs inany TS is I.S.INTOs.

Proof: Let K be SOs in (X, ), since each SOs is an 10s (By the Proposion.2.5.), we get K is I0s,
Also, sInt(K) = K,(by suppose), we get K is S.INTOs , and hence, K is [.S.INTOs.

It is not required for the opposite of “Theorem 3.9” to be true:

In Example.3.4., K = {p,q,v}is .S.INTOs, but it is not SOs.

Corollary.3.10. Each aOs setin any TS is S.INTOs.

It is not required for the opposite of “Corollary.3.10” to be true:

In Example.3.4. 7% = {@, {p}, {u, v}, {p,u,v}, X}, K ={p,q}is S.INTOs, but it is not a0s.
Remark.3.11. Each [.S.INTOs in any TS is 10s.

It is not required for the opposite of “Remark.3.11” to be true:

In Example.3.4. K = {«} is IO0s, but it is not I.S.INTOs.

Remark.3.12. Each [.S.INTOs in any TS is S. INTOs.

It is not required for the opposite of “Remark.3.12” to be true:

Example.3.13. Let X = {p,q,u,v}, T = {¢, {p}. {g, u, v}, X}

¢ = {X.{g,w.v}.{p}. $}

! = {¢.{p}{a}. (u}. (v} {q, u}. {.v}. {g, w, v}, {w, v}, X}

¥ = {¢.{p}. {g,w v}, X}

oI =, {p} (. a} (p.ub (V3P 0w} P, 4. v} (2w, v} (g, u, v}, X}

TSI = {, {p} {q,u, v}, X}

We can see that K = { p,u,v }is S.INTOs, butitis not[.S.INTOs because it is not /0s.
Theorem.3.14. Each Os in any TS is S.INT Os.

Proof: Let G be Os in (X, T), since each Os is a SOs (by Proposion.2.8.). We get G is SOs and
sIint(G) = G, hance G is S.INTOs.

It is not required for the opposite of “Theorem.3.14” to be true:

In Example.3.13. K = {p, «} is S.INT Os, but it is not Os.

Theorem.3.15. Each Os inany TS is [.S.INTOs.
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Proof: Let G be Os in a topological space (X, t), (By Theorem.3.14.),

We get G is S.INTOs, since each Os is an [0s (by Proposition.2.3.), We get G is I0s, hence, Gis [.S.INTOs.

It is not required for the opposite of “Theorem.3.15” to be true:

In Example.3.4. K = { p,q,«} is I.S.INTOs but it is not Os.

Remark.3.16. In general, I0s is not S.INTOs, also S.INTOs is not 10s.

In Example.3.13. K = { p,q,Vv }is S.INTOs, but it is not [0s, and M = {u} is IOs but is not S. INTOs.

4. The Topologically Extended and Non-Topologically Extended Property for i —Semi-Inter- open Sets.

Definition.4.1. It is said that a 7S(X, 7) is "Topologically Extended for i-semi-inter open sets" (in short T. E.[.S.INTOs) if and
only if (X, 7!SINT) is a TS. Otherwise, it's known as

"Non-Topologically Extended for i-semi-inter open sets" (in short N.T.E.[.S.INTOs).

In Example (3.13), (X, 7) isT.E.1.S.INTOs, but in Example (3.4), (X,t) is N.T.E.I.S.INTOs .

Remark.4.2. Let X be a finite and non empty set and let K; € X,Vi =1,2,........ ,n satisfies the following conditions:
1.6,X €.

2.UL K et Vi=12,........ N

3KinK; =9 Vi#jand KUK, U ..........K, =X

IfT = {0, X} U {U K}, then (X,7"5"NT) isa TS and (X,7) is T.E.I.S.INTOs.
For Example.4.3. Let X = {p,q,u,v}, T = {¢,{p, q}, {u, v}, X}
¢ ={¢, {w,v},{p,q}. X}

' ={¢,{p.q} (w v} {p} {q}, (W}, (v}, X}

™ ={¢,{p, g} {w v} X}

N = {¢,{p. q} {w, v} {p. ¢, u}, {p. 4, v}, {p, w, v}, {q, u, v}, X}

S = (¢, {p, q}, {w, v}, X}

It's clear that (X, T) isa TS and T = t/5"NT (Theorem.3.15.). Hence (X, 7/S'¥T) isa TS Therefore (X,7) is T.E.1.S.INTOs.

Remark.4.4. Let X be a finite and non empty setand let K; € X, Vi = 1,2,........ ,n be any partition of X. If 7 = {@,X} U {u
K}, then in the following cases is not necessary that (X,7/S'™NT) be a TS. That means (X, T)is not necessarily to be
T.E.1.S.INTOs.

Case 1:

1.,X €.

2.UL K et Vi=1,2,........ N

3.K;NK; # 0 Vi#j N K€t Vi=12,........ ,nand KUK, U ... K, UF =X
where F = (K; UK, U ... ...... .. K.

Case 2:

1.6,X €.

2.UL K et Vi=12,........ N

3.KiNK; + 0 Vizj N K €T, Vi=12,........ ,nand KiUK, U e WK = X
Case 3:

1.6,X €.

2.UL K et Vi=1,2,........ N

3.KinK; =0 Vizj N K €T, Vi=12,........ ,nand KUK, U o W K, UF =X
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where F = (K; UK, U ......... .. k)"

Case 1' Example’4°5' Let X = {;7' %P ’M», v }! T= {(p; {;7' %}r {u}r {Z’; %r u}l X};
Where F = (K; U K, U K3)¢ = {v}

¢ = (¢, {w, v} {p. a4 v} (v} X}

' ={¢.{p}{a} {u}{p a){p v} {p aul{p ul {p.a v} {pw v} {g,u} {a,v} {u, v},
{a,u,v} X}

™ ={¢.{u}{p.a}.{p, 9. v} {w v}, {p,q,u} X}

IV = {9, (. {p. 4} (2. u} P, 4, ub {p. 3.} {2, w, v} {g, u} {u, v}, {g, w,v}, X}

SN = (¢, {ul {p, a} a, wh {p, 3, u3 {p, 3. v} {p. ud {p, w, v} {w, v}, {g,u, v}, X}

(X, TS™NT) is not TS because {p, g} N {q, u} = {g} & t"S'NT. Hance (X,7) is N.T.E.I.S.INTOs.
Case 2. Example .4.6. Let X = {p,q,u, v}, 7 = {¢,{p}. {p, q}. {w., v}, {p,u, v}, X}

¢ = {9, {g,w, v}, {w,v}, {p.a} {4}, X}

' ={¢.{p}{a} {u}, 0 {p 0} (. ul (P v} P, a4 w3 {p, 3.V} (P, w, v}, {u, v}, X}
™ ={¢.{p}.{p. a4} {w v} {p,u v} X}

N = (¢, {p} {p. a} lwvi {p, w v {p.ub {p, v} (. 0, ub {p, 0, v} {p, w, v} X}
SN = (b, {p} {4} o, ub i v w0, ud {p, 4, v3 (o, w, v (u, v}, X)

(X, T!SINTY is not TS because {p, «} N {u, v} = {u} & /5™, Hance (X,7) is N.T.E.I.S.INTOs.
Case 3. .In Example.3.4. . Let X = {p,q,u,v},7 = {¢,{p} {w v}, {p u, v}, X}

where F = (K; UK, UK3)¢ = {q}
TISINT = £ {0}, {u, v}, {p, w, v}, {p, a}, (o b, {p, @, ), {p, v}, {p, @, v}, {@, 1, v}, X} is not a TS because {p,g}n
{g,u,v} = {g} & t/S'NT. Hence (X, t"S!NT) isnot TS and (X, ) is N.T.E.I.S.INTOs.

Theorem.4.7. Let X # @ be a finite set, T = {@, K, X} where X = {04, 05, ..., 0}, and K is a subset of X and containing one or
two elements ...... up to (n — 1) elements. Then (X, 7/5'™"T) isa TS.(i.e. (X,7) isa T.E.I.S.INTOs).

Proof: It's clear that (X, ) isa TS.

Case (1): If K ={0,}, 7 ={0,K,X} .Os in (X,7) are:®, K, X. Cs are: X,{0,,03, ...,0,}, 0.

By definition of 10s [2,3]. We have:

TI = {Q)' K' {01! 02}! {01! 03}' L] {01! On}' {01' 03, 03}! {01' 02, 04—}! e {Olv 03, On}f

101,03, 04, o, 04}, {04, 04, ..., 0,} = X}.

By definition of SOs [7]. We have:

TS = {Q): Kr {01! 02}, {01' 03}! ey {011 On}: {01: 03, 03}: {01: 02, 04}r ey {01: 02, On};

vy 101,03,04, ..., 0,1,{04, 04, ..., 0,1 = X}.

By definition of S.INTOs we have:

N = {9, K, {0y, 0.}, {01, 03}, ..., {01, 00}, {01, 05,03}, {01, 05, 04}, ..., {01, 0, 0},

v, {01, 03,04, ..., 00}, {04, 04, ..., 0.} = X}

By definition of 1.S.INTOs we have:

TISINT = {Q)' K' {01' 02}1 {011 03}' L] {01' On}' {01! 02, 03}, {01, 03, 04}! ey {01; 02, On}:

101,03, 04, ..., 0}, {04,0,, ..., 0,} = X}.

We see that (X, t/5!NT) is a TS. Hence (X,7) is T.E.1.S.INTOs.

Case (2): If K ={04,0,}, 7 ={0,K,X} .0Os in (X, 1) are:@, K, X. Cs are: X,{03,04, ... ... ... ,0n,}, @. By definition of 10s [2,3].
We have: T/ = {@, K, {0,},{0,}, {01,035}, {01, 04}, ...,{01,0,}, {05, 03}, {03, 04}, ..., {03, 0,,},

{01, 02, 03}1 {011 02, 04-} L] {01' 03, On}' {01' 03,03, 04}' L] {01: 02, ey On} = X}
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. By definition of SOs [7], we have:

TS = {@; K: {01: 02; 03}: {01’ 02' 04}' ey {01' 02' On}' {01' 02) 03) 04}' {01' 02' 03' 04' 05}'
o, {01,042, 03,03, {04, 04, ..., 00} = X}.

By definition of S.INTOs we have:

TSINT = {Q)' K' {01' 02' 03}' {011 021 04}' LAl {01' 02' On}' {01! 02! 03! 04—}! {01! 02! 03! 04—! 05}!
{01,05,05,0,}, ..., {01, 03, ..., 0,} = X}.

By definition of I.S. INTOs we have:

TISINT = {@r Kl {011 021 03}) {01) 02) 04—}! {Olv OZ! 03! 04}; LLLI] {01) 02) 03) ey On} = X}-

We see that (X, 7/S™T) is a TS. Hence (X,7) is T.E.I.S.INTOs.

Case (3): Similarly, we can prove that if K = {04, 05, 03}

Case (n): If K ={04,05,...,0p_1}, T=1{0,K,X}.0s in (X,7) are:0,K,X. Cs are: X,{0,},®. By definition of I0s [3]. We
have: TI = {Q)' Kv {01}' {02}' Ty {On—l}: {01! 0; }' {01! 03}' {01, 04} {01; On}' {02' 03}1 ’ {02: 04}

s s 102,0,3,{01, 02,03}, {04, 02,04} ..., {04, 05, ..., 0.}, {01, 02, 05,04}, ...,

{01,045, ...,0,.} = X}.

By definition of SOs [7], we have: t5 = {@, K, X}.

By definition of S.INTOs we have: T5'"T = {@, K, X}

By definition of I.S.INTOs we have: t/5'NT = (@, K, X}.

We see that (X, t/5!¥T) is a TS. Hence (X,7) isT.E.I.S.INTOs.

Example.4.8. Let X = {p,q,u}, 7 ={0,{u}, X}, 5" = {¢, {u},{q,u}, {p,u}, X}

By (Theorem.4.7) we have, (X, 7/S'"NT) is a TS. Hence (X, ) isT.E.1.S.INTOs.

5. Some Properties of i —Semi-Inter- Open Sets.

Throughout this section, (X, 7) is always T.E.I.S.INTOs (i.e (X,7'5'"T) is always a TS), with some examples and theorems.

Definition.5.1. Let (X, 7'S'""T) be TS, K € X. An "i —Semi-Inter-limit point of K" is a point x € X if, for any i —semi-inter-
open set S containing x, (K N S) \ {x} # @, the collection of all of K's i —semi-inter-limit points is called " i —Semi-Inter-
derived set of K" and denoted by D¢y (K). K is i —semi-inter-closed set if and only if D;gnr(K) € K .

Example.5.2. Let X = {p,q,u}, 7 = {¢, {p}, X}
¢ = {¢, {3, u}, X}

' ={¢.{p}{p.a}{p.ur X}

™ = {@.{p}{p.a} {p.ubX}

I = (¢, {p}. {p. 4} {p, u}, X}

TISINT = {¢' {W}' {;7' %}' {17' u}' X}

Where (X, 75" T)is a TS. Let K; = {p, q}.K, = {q, u}.

TSN = {9,{g, u}, {u},{q}, X}.

reXpe{ptip atip.ul X Kin{p}—{p} =0 .Hence p & Disnr(Ky).

a€X,g€{pabX. Kin{pql—{q}+0, KinX—{q}+# @ Henceq € Dignr(Ky) .

ueXue{pulX. Kn{pu}—{u}+0 K nX—{u}+ 0 Hence u € Djgnr(K;) .

Therefore, Dyg;nr(Ky) = {g,u} ¢ K; - K;isnot I.S.INTC.

Similarly, D;gnr(K;) =@ € K, o, K, isI.S.INTC.

Definition.5.3. Suppose (X, T/S'™"T) be TS, K € X. The intersection of all i —semi-inter closed sets comprising K is known as
"i —Semi-Inter-closure of K", indicated by CL;g;nr(K), and defined as: CL;gnr(K) =Nep F; . K S F;, VF; ,where F; is
i —semi-inter closed set, Viin a TS (X, T/S'NT). CL;g;nr(K) is the smallest i —semi-inter closed set containing K.
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Definition.5.4. Suppose (X, t/S'T) be a TS, K € X. The union of all i-semi-inter open sets contained in K is known as
"i — Semi-Inter-Interior of K", indicated by Int;qyr(K), and defined as: Int;gny(K) =U;en Si,S; € K, Vi. Where S; is
i —semi-inter- open set, Vi ina TS (X, T/S™T). Int,g;yr (K) is the largest i —semi-inter open set contained in K.
Definition.5.5. Suppose(X, T/S'NT) be a TS, K € X. The i —semi-inter-interior of the complement of K is called the "i —Semi-
Inter-Exterior of a set K", and denoted by Ext;s;yr(K), and defined as: Ext gy (K) = Int;gnr (K©).
Definition.5.6. Suppose (X, 7/5'NT) bea TS, K € X. "i —Semi-Inter-boundary of a set K" is denoted by b;g;yr (K), and defined
as: byginr (K) = (Intysynr (K) U Extyginr (K))©.
Theorem.5.7. Let (X, t/5'¥T)be a TS, for K,M S X, the following propositions hold:
i. Dignr(K) € D(K).(Where D(K) is the derived of a set K [12].
ii. IfK € M, then Dysnr(K) € Dysynr (M).
iii. Dysnr (KU M) = Dygyr (K) U Dyginr (M).
iv. Dysne (K N M) S Dyginr (K) N Dy (M)..
v. If x € Dyginy (K), then x € Dyginr (K \ {x3).
Proof:
i. It suffices to observe that every Os is I.S.INTOs.
ii. Let x € D;gnr(K), then for any I.S.INTOs , S containing x, we have: (K N S)\ {x} # @ ...(1).
Since KSM=>EKnSH)cMnS)=>EnSH\{xIcMnSH\{x} =0 (by(1)) => MnSH\{x}#+0 >x¢€
Dysint(M). Hence Dy (K) S Dysinr(M).
iii. since K € K UM, M < K U M. By(ii) we have:
Disint(K) € Diinr (K U M), Dyginr (M) S Dygynr (K U M).
= Digint(K) U Dyginr(M) S Dyging(KUM) ... (*)
Now let x & Dignr(K),x & Djginy(M). Then there exist two I.S.INTOs. (S4,SE) containing x ie. (K NSA)\ {x} =
B, (M NSEY\ {x} =0.Let S =SANSE. Where S is an I.S.INTOs (because (X, t'SINT) is a topological space).
KuMmnS\{x}=(KnSHuMn)H)\{x}=(KnH\{xHu(MnSH\{xH)=0up=0
Hence x & Dygnr(K U M)
= Disint (KU M) S Diginr(K) U Disinr (M) ... (**)
By (*) and (**) we have: Djgyr (K U M) = Dygnr (K) U Dyginr(M).
iv.since KNM S K, KN M S M. By (ii), we have: D;g;nr (K N M) S Dygnr(K), Digint (K N M) € Dygnr (M).
Hence Dysyr (K N M) S Diginr (K) N Dyginr (M).
v. Let x € Digny(K) = forany I.S.INTOs, S containing x.
Wehave: (KNS\{x}#0=>EKnS)nEF =K nEXI)NnSn{x})=E\N{EDnES\{&D
= ((K \{x}) n S} \ {x} # @ = x € Diginr (K \ {x}).
Example.5.8. Let X = {p, g, u}, 7 = {¢, {p} {g, u}, X}
and let K; = {g,u}, K, = {u},K; = {p}
¢ = {¢,{g,u}, {r} X}

= {¢, {p}{a}. { g u}, {u}, X}

5 ={¢,{p} {9 u} X}

oI = (¢, {p}. {», 9}, (p.u}{g, 4}, X}

SN = (¢, {p}, {g,u}, X}

TISINTC = (X, {g, u}, {p}, 0}

It is clear that (X, 7) is T.E.I.S.INT (i.e (X, t"S'™NT) isa TS.

i. D(Ky) = {g,u}, Disinr (K1) = {g, u}, = Disinr (K1) = D(Ky).

ii. Digine(K2) = {g}, K € Ky = Diginr(K2) € Disinr (Ky).

iti. Dyginr(K3) = @, Dysinr(Ky) U Dyginr (K3) = {g, 4} U @ = {g, u},
K1 UK; ={g,u} U{p} =X, Disnr(K; UK3) = Diginr(X) = {g,u},

Hence Dy ;yr(Ky U K3) = Dyginr (K1) U Dygynr (K3).
iv. K; N K, = {g,u} n{u} = {u}, Diginr (K1 N Ky) = {q},
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Dysinr (K1) 0 Diginr (K3) = {g,u} n{g} = {4}
Hence Dyginr (K1 N K3) € Diginr (K1) N Dygpyr (K2).

v. ¢ € Diginr (K1) , K1 \ {a} = {u}, Diginr (K1 \ {@3) = Dysinr ({ued),
q € X;q € {q,u},X,Since (K \ {g} n{g,u}) \{g} # 0
and (K; \{g} nX)\ {g} # 0,= g € Digiyr(K; \ {g]).

Theorem.5.9. Let (X, 7/S'™NT) be a TS, for K,M S X , the following propositions hold.
i-CLISINT(X) =X, CLISINT(Q)) = 0.

ii. CLynr(K) is I1.S.INTCs.

iii. K € CLysir(K).

iv. K = CLjg;ny(K) if and only if K is [.S.INTCs.

v. CL;giny (K) is the smallest 1. S. INTCs containing K.

Vi. CLisinr (K) = CLisiny (CLysinr (K)).

vii. CLyging (K U M) = CLisinr (K) U CLysinr (M).

viii. CLygnr (K) = K U Dygpyr (K).

Proof: viii. by (iii) we have: K € CL;gnr(K) ...(1)

and by (Theorem.5.7(ii)) we have: D;g;nr(K) € Dyginy (CLisint (K))...(2)

since CLygnr(K)is I.S.INTCs . = Dygny(CLisinr(K)) € CLiginr(K)...... 3)

by (2) and (3) we have: D;g;nr(K) S CLisinr(K) -..... 4)

by (1) and (4), we have: K U D;ginr(K) € CLiginr (K)

Otherwise, let x € CL;s;nr(K). If x € K, then the proof is complete; if x € K, all I.S.INTOs S that contains x intersects K at a
point different from x.

So x € Dignr(K) . Hence CLginp (K) € K U Dygiyr (K), which completes the proof.
(Application of Theorem.5.9.)

In Example.5.2. Let X = {p,q,u},7 = {¢p, {p}, X}
andlet K = {p,q},M = {u},N = {g},

SN = (¢, {p}. (p. a} {p, u}, X}

TSN = (X, {q, u}, {u}, {q}, 0}

It is clear that (X,7) is T.E.L.S.INT (i.e (X, T/S'"T) is a TS.
CLisint(K) = X, CLigine (M) = {g, u} n{u} N X = {u}
CLisine(N) ={g,u} n{g}n X = {g}.

i.CLiginr(X) = X, CLysinr () = 0.

ii.CLysin (K), CLysinr (M), CLysinr (N are 1. S. INTCs.
K € CLyginr (K).

ivM ={u}isal.S.INTCs then M = CL;gnr(M).
Vi.CLising (CLisine (M) = CLigive({u}) = {g, u} n{u} n X = {u},
i.e CLiginy(M) = CLgin7(CLiginr (M)).

vilMUN = {u}u{g} = {g,u}

CLisiny(MUN) ={g,u}nX ={g,u},

CLisint(M) U CLiginr(N) = {u} U {g} = {g, u},
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i.e CLiginy(M U N) = CLgjnr(M) U CLignr(N).

Viii'DISINT(K) = {cl,,u}, K U DISINT(K) = {}7, @} U {%, /LL} = X, le ClISINT(K) = K U DISINT(K)'

Theorem.5.10. Let(X, T'S'INT) be a TS, for K, M € X , the following propositions hold.
i. Int;gnr(K) is I.S.INTOs.
ii. Int,nr(K) € K.
iii. Int gy (X) = X, Intigne(0) = 0.
iv. K = Int;g;yy(K) ifand only if K is . S. INTOs.
v. Int;gnt(K) s the largest I.S.INTOs contained in K.
vi. Intginr (IntISINT (K)) = Int;gnr (K) .
vii. Int;gnr(K) = K \ Dysinr (X \ K).
viil. X \ Int;gny (K) = CLiginr (X \ K)
ix. If K € M, then Int;gnr(K) € Int;gpur(M) .
x. Intisny (K) U Intygnp (M) € Intgnr (K U M)
xi. Intygne (K 0 M) S Intignr (K) 0 Intygyr (M).
Proof: vii. Let x € K \ Digjnr(X \ K) = x € D;g;ur(X \ K). Thus, there exists an I.S.INTOs, S that contains x so that S N
X\K)=0 =x €SS K =x EUiep Sisinr = Intysnr (K)
= K\ Disinr (X \ K) € Intyginr(K)

Otherwise, let x € Int; gy (K) = x € Diginr (X \ K) .
Given that Int gy (K) is I.S.INTOs and Int;gny(K) 0 (X \ K) = @.
Hence, Int;s;nr(K) = K \ Disinr (X \ K.
viii. X \ Int;gnr(K) = X\ (K \ Dysinr (X \ K)) ... (by vii).

= (X \ K) U Dignr (X \ K) = CLiginr (X \ K.
ix. since K € M and Int;g;yr(K) € K, Int;gnr(M) € M.
Hence, Int; gy (K) € Int g nr(M).
X.since K € (K UM),M < (K U M).by (ix) we have:
Int;gnr (K) € Intigne (K U M), Int gy (M) S Intigye (K U M).
Hence,Int; sy (K) U Intiginr(M) € Intiginr (K U M).
xi.since K N M S K,K N M S M.by (ix) we have:
Intisiny (K 0 M) S Intginr (K), Intyginy (K N M) € Intygnr (M).
Hence, Int;g;ny (K 0 M) € Int g nr (K) N Int gy (M).
(Application of Theorem.5.10.)

In Example.5.2. Let X = {p, g, u}, 7 = {¢, {p}, X}

andlet K = {p,q},M = {u},N = {g},

tSINT = {, {p}, (P, @}, {p, u}, X}

TSN = (X, {g, u}, {u},{q}, 0}

It is clear that (X,7) is T.E.I.S.INT (i.e (X,t"5™T) isa TS.

Int;gnr(K) = {p} U {p,a} ={p a}, Intignr (M) = 0, Intiginr(N) = 0.
LIntysnr (K), Intysier (M), Intysiyr (N) are 1.S. INTOs.

iiInt g (K) € K.

iil. Int;gnr(X) = X, Int gy (0) = 0.

ivK = IntISINT(K) Then, KisI.S.INTOs.

vi.ntgnr (IntISINT(K)) = Intisnr({p, a}) = {p}Vip.a} = {p q}

10
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i.e Int;gnr(Intsine (K)) = Intysing (K.

vitX \ K ={u} , Diginr(X \ K) = Dysinr({ue}) = 0.

A\ Disine X\ K) ={p,q}\ @ ={p, q}. i.e. Intysnr(K) = K \ Dysinr(X \ K)
Viii.CLygny (X \ K) = CLigiyy({u}) = {g, u} n{u} n X = {u},

X\ Intiginr (K) = X\ {p, g} = {u}, ie. X \ Int;nr (K) = CLignr (X \ K).

ix.N € K Then Int;s;yy(N) = @ S Int;gnr(K) = {p, g}, i.e. Intignr (N) S Intgnr (K).
xKUN ={p,q}u{q}={p q} Intignr(KUN) ={p,q},

Int vy (K) U Intigne (N) = {p,q} U 0 = {p, g}, i.e. Int;s;nr(K) U Int; gy (N) € Int;gnr (K U N)
xi. KN N ={p,q}n{q} = {4},

Int;nr (K) 0 Intygnr(N) ={p, g} n 0 =0,

Intigine (K 0 N) = Intignr({a}) = 0, i.e. Intignr(K 0 N) S Intygyr(K) N Intignr (N).

Theorem.5.11. Let (X, T'5'NT) be a TS, for K, M € X, the following propositions hold.
i. Ext(K) € Extygnr(K), i.e. Ext(K) = Int(K)[12].

ii. Ext;gny(K)isI.S.INTOs .

iii.Ext vy (K) = Intiging (X \ K) = X\ CLiginr(K).

iv. Extsivy (Extigine (K)) = Intyginr (CLysinr (K)).

v.If K € M then Ext;snr(K) 2 Extiginr(M) .

vi. Extiginy (K U M) € Extisine(K) U Extysye (M),

vil. Extygny (K N M) 2 Extysinr (K) N Extisng (M).

viil. Extgny (X) = 0, Extygnr (@) = X .

ix. Extygny (K) = Extygny (X \ Extygnr (K)).

X. IntIS'INT(K) € Extignr (Extisinr (K)).
Proof: iv. Extysinr (Extisiny (K)) = Extisiny (X \ CLysyr (K))(from iii)

= Intiginy (X \ (X \ CLISINT(K))) = IntISINT(CLISINT(K))-

ix. Extginr (X \ Extisinr (K )) = Extiginr (X \ Intignr (X \ K )):I'n'tISINT (X \ (X \ Intignr (X \ K )))

= Intignr (IntISINT X\ K)) = Intignr (X \ K) = Extgnr (K).
X. Intgyr(K) € IntISINT(CLISINT(K)) (K € CLiginr(K))

= Intiginy (X \ Intignr (X \ K) = Intigyr (X \ Ext;gnr (K )) = Extiginy (ExtISINT (K ))
The proof is complete.

(Application of Theorem.5.11.)

In Example.5.2. Let X = {p,q,u},7 = {¢p, {p}, X}
andlet K = {p,q},M = {u},N = {g},

N = (¢, {p}. (p. a} {p, u}, X}

TSN = (X, {q, u}, {u}, {q}, 0}

It is clear that (X,7) is T.E.I.S.INT (i.e (X,t5™T) isa TS.

Extsiyr (K) = Intygnr (K€) = Intisine({u}) = @,

11
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Extisint(M) = Intginy(M©) = Intisine ({2, 43) = {2, 43,

Extiginy (N) = Intisiny(N©) = Intygnr ({p, 1)) = {p,u},

iLExt(N) = Int(N) = Int({p, u}) = {p}, {p} € {p,u}, ie. Ext(N) € Ext;5;nr(N)
il.Ext gyt (K), Extiginy (M), Extgny(N) are 1.S.INTOs.

X\ N =X\ {g} = {p,u}, Intignr X\ N) = Intisinr({p, u}) = {p, u},

X\ CLignr(N) = X \{q} = {p,u}, i.e. Extignr (N) = Int;gny (X \ N) = X \ CLisinr(N).
iv.Extisinr (Extisinr (N)) = Extysivy ({p,4}) = Intysinr ({g}) = 0,

IntISINT(CLISINT(N)) = Int;gnr({g}) = @, i.e. Extiginr (ExtISINT(N)) = IntISINT(CLISINT(N))-
v.N € K ,Then Ext;g;yy(N) 2 Ext;gnr (K).

ViKUN = {p,q}V{q} = {p,q},

Extignr (K UN) = Intignr({p,a1)¢ = Intiginr (1)) = 0,

Extigine (K) U Extgny(N) = 0 U {p,u} = {p,u}, o c{p u},

i.e Extigne (K U N) S Extygnr(K) U Extygyr (N).

viiK NN = {g}, Extigny(K N N) = Intignr({g)€ = {p,u},

Extisine (K) N Extigyy(N) = 00 {p,u} =9, 0 c{pu}

i.e Extignr(K N N) 2 Extignr(K) N Extignr(N).

viil.Ext gnr (X) = Intygne (X)€ = Intiginr (8) = 0,

Extsing (0) = Intiginr(8)¢ = Intysiny (X) = X.

ix.X \ Extigine(N)) = X \ {p,u} = {q},

Extysing (X \ Extysiny (N)) = Extisinr ((6)) = Intisinr (@) = Intyinr ((p, ud) = {p, 4,
i.e Extysiny (N) = Extysiyr (X \ Extigiyr(N)).

x.Extisinr (Extigine (K)) = Extisine (@) = X,

Intisine (K) = {p,a},{p,a} € X, ie. Intigyr(K) S ExtISINT(ExtISINT(K))-

6. Conclusions

According to the above we concluded that in any (X, ) each "a- open set” is i —semi-inter open set, each “semi- open set
is semi-inter open set, and it is i —semi-inter open set, each a- open set is semi-inter open set, each i —semi-inter open set
isi — open set, and it is semi-inter open set, each open set is semi-inter open set and it is i —semi-inter open set. But in
general, the converses are not necessary to be true. Also, we concluded that the family of i —semi-inter open sets does not
necessarily need to be 7S, and the intersection of any two i —semi inter open sets is not necessarily be i —semi-inter open set.
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