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Introduction

Initial and boundary value problems with integro-differential equations are common in applications of (bio-)engineering as
well as physical and biological modeling. CFDM to approximate solutions to such problems, especially in the context of the
ordinary and partial differential equation has attracted much interest [1-10].

However, comparatively, there has been less progress made in determining high-order CFDM in terms of integro-differential

equations (IDE). Therefore, considerable works have been focusing on developing efficient high-order numerical schemes for
approximating solutions of integro-differential equations. This work concentrates on the second order FIDE:

b
u'(x)+pulx) =f(x)+ /1] k(x, t) u(t)dt, €))

with Dirichlet boundary conditions: ’
u(@=a,  ulb)=4. (2)

For x,t € [a, b], where A, p, a, and B are constant values, f(x) and k(x, t) are known functions and u(x) is the solution to be
determined.


mailto:younis.abid@koyauniversity.org
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0004-6360-0908
https://orcid.org/0000-0002-9807-8409
https://orcid.org/0000-0003-3566-3624

EDUSJ, Vol, 32, No: 3, 2023 (9-22)

Recently, there has been a growing interest in using higher-order numerical methods for solving partial differential equations
(ODEs) and (PDEs). One approach that has gained attention is the use of compact difference approximations, which can
achieve a high level of accuracy with a relatively small number of grid points. These approximations make use of five grid
points, corresponding to a compact patch of three cells surrounding a selected node, to cancel out second-order truncation error
terms. This allows for the development of alternative, lower-derivative expressions that are equivalent to the higher-order
truncation error terms [10]. This approach can lead to more efficient and accurate solutions for ODEs and PDEs.

Several numerical solutions of the integro-differential equations have been studied by compact finite difference methods
including [11-13]. Numerous authors have developed numerical methods for integral and integro-differential equations
recently, see references [14-19].
This work aims to derive a general formulation and approach for developing such higher-order compact (HOC) schemes for
the second-order Volterra integral. This derivation is based on applying numerical quadrature rules along with the properties
of ordinary differential equations. Furthermore, we compute the order of convergence numerically for each method. The
proposed methods are tested on various PIDE to demonstrate their efficiency and accuracy in providing approximate solutions.
The results show that the of order fourth and sixth CFDM is effective in solving PIDEs and can be used to obtain reliable
solutions for a variety of applications.
The work is organized as follows. In section 2, the derivation of HOC method is given in detail. Some numerical experiments
and algorithms are shown in section 3. Finally, conclusions are given in section 4.

2. Compact finite difference method

This section presents a way to develop a CFDM based on the fourth and sixth-order approximation for the FIDE.
2.1 Fourth-order (CFDM4)

Uit —2UjHUj—q

To derive the CFDM4 for (1), applying §2u; = is a second-order central difference scheme [9], gives:

h?2
" h (4') 4
82u; = uf' +— oW T 0(h*). 3)
To obtain a compact O (h*) approximation, we take the derivative of Eq. (1) w1th respect to x, which gives:
(4—) " " ﬂ. k d 4_
—pu; + f" + ) wat, 4)
where u; = u(x), f; = f(x),k;j = k(x,t) and u; = u(t). Inserting Eq. (4) 1nt0 Eq (3), we have:
h2
82u; = uj' + R —pui +f" + /1] ke wdt |+ 0(h*). (5)
Some simplification in the above equation implies that:
h2
82u; — = fi' — f k(i o uj
wy=——12% 1270 0 Lo, (6)
1 b
12

Substituting Eq. (6) into Eq. (1) we obtain:

2 phz phz h2 "
6xui+p 1—6 = 1—§ fl+ﬁfl +ﬂ. 12 fk(u)u}dt+ 12 fk(l])u]dt. (7)

The integral parts on the right-hand side of Eq. (7) will be handled numerlcally using the comp051te Boole’s rule [20] given
by:

n W @) @ |
f u(x)dx = Il7u(x0) + BZZu(xzj )+ 122 u(xyj_5) + 14 Z u(xy;) + 7u(xn)J| (8)

X0

Therefore, using Eq. (8) for Eq. (7) we obtain:
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n n

b 2h > vy
fa k(i’j)u]' dt = E [7k(i,0) Uy + 32 Zj:lk(i,Zj—l) uzj_1 + 12 251)1 k(i,4-j—2) u4]~_2

+ 14 Z( ) k(““) U4] + 7k(lTL) un] (9)

&)

f k(L]) ]dt__5[7kE;,O)u0+3221 1k(l,2j 1)u21 1+122] 1k(l4-j 2)u4] 2

+14 Z( )1 k(l4]) Uyj + 7kE’i,n) un]. (10)

Substituting Eq. (9) and Eq. (10) into Eq. (7) then using second-order central differencing scheme we obtain:

n

n
5 Z-1

4

Vilipr + Vol + Villiog — Z ag,jy Uzj—1 — Z b jy uaj—z — Z Cij)Uaj = fi +aiug + Piu,, (11)
. =

j=1 j= ]':1

B3

where:
2nL4

p°h
12
32 R 32 Aph® 32 Aph?
i) = - (27-0 + 570 (Kar1zj-n) + Ka-12)-1)

n=1  y.=-2+ph®-

27 270
12283 12 AphS 12 Aph3
@) =\"27 " "270 4j-2) T 570 (k(ir1,aj-2) + kii14-2))>
14 Ah% 14 AphS 14 Aph3
cip =\"27 " 270 G@ajpy t 70 (kirraj + kgie1aj)),

2

h
fi= E(fiﬂ + 10f; + fi—1),

7 Ah® 7 Aph® 7 Aph3
a; = ( ) (i,0) W(k(l“ o)+ K(i-1,0))s

27 270
7R3 7 AphS 7 Aph*
Bi =( >7 _W> @ 575 — o (krany + kgim1m)-

2.2 Sixth-order (CFDM6)

Starting with the derivation of the CFDMG6 for (1), gives:

82u; = ) + ilz ® 4 3h60 u® + 0(h®). (12)
Eq. (12) includes both 0(h?) and O(h*) terms since we want to approximate both of them in order to create an 0 (h®) scheme.
Applying 82 to u( ), we obtain:
u® = s2u™ + 0(n2). (13)
Substituting Eq. (13) into Eq. (12) yields:
82u; = ul + ;’2 ) 3h60 (62u® + 0(h?)) + 0(n®). (14)

Go back to Eq. (1), with take derivative, becomes:
b

u® = —puf +f" + 2 j ki j) widt. (15)
a

Substituting Eq. (15) into Eq. (14), leads to:
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b
2 h4
6§ui=u;’+( +%52) —pu§’+fi”+/1Jk(m u;dt |+ 0(h®), (16)
a
with some calculations, Eq. (16), yields:
52w, — (B + 2 62) = 2 (1 B2 [P e e
o = *7o\12 ' 360 x )L 12 " 360 @n =i

L h2 h4— 2
1-p (12 + 3600+ )

+ 0(h®). (17)

Substituting Eq. (17) into Eq. (1) implies that:
stu+p(1-p (54 2502) (1—P( #20) ok (5 o)

h? b h?
+2 1—p<12+%5 ) fk(l})u]dt+/1(12 25 )fk(”)u]dt (18)
Setting 87f" = (f{1 = 2" + f21)/h* and 83k jy = (k(isrjy — 2K(i ) + Kiig )/ R, gives:

2h4

28 p2h 28
(‘2 +ph? _ﬁp”ﬁ) i + (1 - ( 360 )) iy + i) = ( a 360ph4)f

(ﬁ +fi'11)+(h —%Ph fk(i,j) u; dt

(ﬁ+1 + fi-1) b h4ﬁ" t39

360 360 360

b
ph* "
360f(k(l+1]) +kg-1)) W dt+ h fk(u) u; dt+360f(k(l+1j) +kii_yp) wdt.  (19)

a a

The integral parts on the right-hand side of Eq. (19) w111 be handled numerically using the composite Boole’s rule given by
®):

n n

b 2h > 2
Jo kapudt == [7"0.0) uo + 32X, Kizj-1) Uzj-1 + 12 251)1 K(iaj-2) Uaj—2

n

+ 14‘2( ) k(l4]) u4] + 7k(ln) U, (20)

n
b 2h n
Ja (Kgisnp + kgimrp) Wi dt = = [7(k(i+1,0) + k-1,0y) Uo + 32 Z;Zl(k(i+1,2j—1) + K(im1,2j-1)) Uzj-1

&) (3)-1

+12 Zjil(k(i+1,4j—2) + k(i—1,4j—2)) Uyjp + 14 ijl (k(i+1,4j) + k(i—1,4j)) Uyj +

+7(kie1ny + Kim1n)) Un) 21
f k(l])u] dt = — [7k(1 0) Uy + 32 ijlk&,Zj—l) uzj_l +12 Zgi)l kEIi.‘l-j—Z) u4]._2
(-1, .y
+ 14 Zj=1 k(i,‘l-j) u4j + 7k(i,n) u’TL (22)

Ja (k(m;) + k(i1 ) wdt = [7(k(1+1 o)+ k(i—1,0)) o + 32 Z] ((ian,2jm1) + Kim12j-1)) U2jo
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+1225 )1(k(1+1 ajoz) F KG1aj- z)) Ugjp t+ 142( % (k(l+1 ap T kE'i—1,4j)) Uyj

j=1
+7(k(l+1 n T k&—m)) Uy (23)
Substituting Eq. (20) —Eq. (23) into Eq. (19) we obtain:
: :
Yilipr T Vol + Vil — Z agj Uzj—1 — Z b jy usj—2 — Z Cijy Uaj = fi + qug + Biu,  (24)
=1 =1 =
where:
2p* 7
1 =1- (p360) Y, =-2 +ph2 ——p2h4
_ (64Ah3 224 AphS 8/1ph5 224 AhS
Aap = ( 45 2025 )k(i'zf‘l) 2025 (k(‘“ 2j-1) + Ki-12j-0) + “ozs Kizj-n T
8 AhS

2025 (k(l+121 nt (l 1,2j-1)

bap = (¥_%) Kiias—2 = 32/})1:;5 (k(ir4j-2) + kmr0-2) + 83012}; K(iaj-2) +
32355 (k(ir1,4j-2) + K{i-1,4j-2))

“@n = (¥ 9232:5) kaap — 74?::)5 (k(i+1j4f) + k(i—1.4i)) 92801122 (4)) 12:0 (k(t+1 4j)
+K(i1,4))

fi= (hz - %Ph‘t)fi Z:O (fi+1 + fi-1) +55 h‘*fL” +ﬁ(fz + 1)

__ (142Ar® 49 AphS 7 AphS 49 Ah° 7 AhS "
i_( 45 2025 ) (10 ™ 8100 00 (Karroy T ka-10) + 550 2025 Ko t Gro w100 KGiv10) + K(imr0))

_ (142h% 49 2phS 7 AphS 49 Ah° 7 AhS
B _( 45 2025 ) @n) ™ “g100 o0 Kvim +kam) + 550 2025 KGm T 5100 w100 kG + Ki-1m)

3. Numerical Experiments

The section shows the accuracy of a proposed method, using MATLAB programming. The error norms of [2 and [* are used
to measure the error between the numerical and analytical solutions.
We denote by E errors terms given by:
E(x) =u(x) - UAppro.(x)
Let us introduce the three accuracy indicators when using space step size h, as follows:
e The Absolute (pointwise) error as:

€(x) = [E(xy)]
e The [®-norm and [?-norm of the error as:

=5 h) = max|[EG)l, () = VAR EGP

e The order of convergence (Rate) is calculated as:

Error(N;)
log (Error(Ni))

log (%—i)

Rate =

Algorithm

Input: N(rem(N,4) = 0), a, b, p, and boundary condition u, and u, , where (a = x4, b = x,,).

13
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Set: h = 2%,
N
fori «— 0to N do
forj «— 0to N do

x; = a+ih.
ti=a+jh.
end for
end for

fori «<— 1toN —1do
Ci = fi + ajug + Biup.
. N
forj < 1to (;) do
B(izj-1) < —AGi,j)-
end for
forj <« 1to (%) do
Biaj-2) < ~b)y-
end for
forj «— 1t0(§—1) do
Biaj < ~Cwp-
end for
end for
fori «— 1toN —1do
By = B t+ 72
if i <= N — 2 then
Bii+1) = B+ T 171
Bi+1,) = Bs,y T 11
end if
end for
C=[C, —y1up;Ca:Cry ; Cuq — V1liy]
Output: U «<— B\ C

Example 1: Consider FIDE:

21

10 5
u’(x) +5ulx) =4sinx + Tnco s(x) + §f cos(x) t u(t) dt,
0

with boundary conditions: u(0) =0, u(2m) = 0,
and exact solution is u(x) = sin (x).

Table 1. Numerical Results for Example 1, by using CFDM4 and CFDM6 with N = 12, h = 0.5236
and 0 < x <2m

x; u(x) UAppro.(x) UAppra. (x)
CFDM4 CFDM6
/6 5.0000e-01 5.0059¢-01 4.9998e-01

14
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2m/3
5n/6
s
/6
4m/3
3m/2
Stt/3
11m/6
I1(E, h)
[®°(E,h)
CPU-time
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8.6603e-01 8.6615¢e-01
1.0000e+00 9.9967¢-01
8.6603¢-01 8.6627e-01
5.0000e-01 5.0143e-01
1.2246e-16 1.8444e-03
-5.0000e-01 -4.9923e-01
-8.6603e-01 -8.6693e-01
-1.0000e+00 -1.0016e+00
-8.6603e-01 -8.6704¢e-01
-5.0000e-01 -5.0007e-01
2.4130e-03
1.8444e-03
1.784562
o — e

8.6606e-01
1.0001e+00
8.6605¢-01
4.9991e-01
-1.4901e-04
-5.0009¢-01
-8.6600e-01
-9.9992¢-01
-8.6599¢-01
-5.0002¢-01
1.7052e-04
1.4901e-04
1.895163

Figure 1: Exact and Approximate Solution of CFDM4 and CFDM6 for Example 1 with N=20 and h = 0.3142

Table 2: Rate Convergence of CFDM4 and CFDM6 for [2(E, h) in Example 1

N 1> —CFDM4 Rate 12 —CFDM6 Rate
12 2.4130e-03 1.7052e-04

24 1.4037e-04 4.1035 2.3573e-06 6.1767
48 8.6536e-06 4.0198 3.5835e-08 6.0396
96 5.3909¢-07 4.0047 5.5610e-10 6.0099

Table 3: Rate Convergence of CFDM4 and CFDM4 for [°(E, h) in Example 1

N 1 —CFDM4 Rate 1 —CFDM6 Rate
12 1.8444¢-03 1.4901e-04

24 1.0831e-04 4.0899 2.0584e-06 6.1777
48 6.8042¢-06 3.9926 3.1289¢-08 6.0397

15
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96 4.2413e-07 4.0038 4.8557e-10 6.0098

® A0

e CFDIMA o
1.8 | —»— CcFDMB 7

16 3 -

1.4 F ? :5 |

Ahsolute Error u(x)

Figure 2: Comparison Absolute Error of CFDM4 and CFDM6 for Example 1 with N=12 and h=0.5236

Example 2. Consider FIDE:
—9e8+1

4
u"(x) — 2u(x) = 2e7%* — ( 3 >x4 + f 2x*t u(t) dt
0

with boundary conditions: u(0) =1, u(4) = e

and the exact solution is u(x) = e ~2*.

Table 4. Numerical Results for Example 2, by using CFDM4 and CFDM6 with N = 12, h = 0.3333
and0<x<4

x; u(x) UAppro.(x) UAppro.(x)
CFDM4 CFDM6
0.3333 5.1342e-01 5.1339¢-01 5.1341e-01
0.6667 2.6360e-01 2.6357e-01 2.6360e-01
1 1.3534e-01 1.3531e-01 1.3534e-01
1. 3333 6.9483e-02 6.9470e-02 6.9488e-02
1.6667 3.5674e-02 3.5672e-02 3.5683e-02
2 1.8316e-02 1.8325e-02 1.8330e-02
2.3333 9.4036e-03 9.4249¢-03 9.4246¢-03
2.6667 4.8279¢-03 4.8608¢-03 4.8561e-03
3 2.4788e-03 2.5210e-03 2.5129¢-03
3.3333 1.2726e-03 1.3184e-03 1.3087e-03
3.6667 6.5339¢-04 6.8951e-04 6.8145¢-04
12(E, h) 5.5724e-05 4.0040e-05
[*°(E,h) 4.5808e-05 3.6067e-05
CPU-time 1.353563 1.324556
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—B= — Exact

—— CFDh4
g GFDMEB

Figure 3. Exact and Approximate Solution of CFDM4 and CFDM6 for Example 2 with N = 20and h = 0.2

Table 5. Rate Convergence of CFDM4 and CFDM6 for [%(E, h) in Example 2

N 1> —CFDM4 Rate 1> —CFDM6 Rate
12 5.5724e-05 4.0040e-05

24 2.4233e-06 4.5233 7.7961e-07 5.6825
48 1.4023e-07 4.1111 1.2921e-08 5.9150
96 8.6612e-09 4.0171 2.0494e-10 5.9784

Table 6. Rate Convergence of CFDM4 and CFDM6 for [°(E, h) in Example 2

N 1 —CFDM4 Rate 1 —CFDM6 Rate
12 4.5808e-05 3.6067e-05

24 2.0689¢-06 4.4687 6.9973e-07 5.6877
48 1.3230e-07 3.9670 1.1646¢-08 5.9089
96 8.3039¢-09 3.9939 1.8469¢-10 5.9786

17
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% 10°

.- CFDMA4 o
—+— CFDME 7

Figure 4. Comparison Absolute Error of CFDM4 and CFDMG6 for Example 2 with N = 12 and h = 0.3333

Example 3. Consider FIDE:

N W

T
u''(x) + 3u(x) = 2 cos(x) + 3me?* + f e?*t2 u(t) dt
0

with boundary conditions: u(0) = 1, u(m) = —1
and the exact solution is u(x) = cos(x).

Table 7. Numerical results for Example 3, by using CFDM4 and CFDM6 with N =12 h = 0.2618
and0<x<m

x; u(x) UAppro.(x) Ugppro. (x)
CFDM4 CFDM6
m/12 9.6593e-01 9.6594¢e-01 9.6592e-01
/6 8.6603e-01 8.6606e-01 8.6602e-01
/4 7.0711e-01 7.0715e-01 7.0710e-01
m/3 5.0000e-01 5.0006e-01 4.9999¢-01
S5m/12 2.5882¢e-01 2.5888e-01 2.5881e-01
/2 6.1232e-17 5.0538e-05 -3.5289¢-06
/12 -2.5882e-01 -2.5878e-01 -2.5882e-01
2m/3 -5.0000e-01 -4.9999¢-01 -5.0000e-01
3n/4 -7.0711e-01 -7.0711e-01 -7.0710e-01
5n/6 -8.6603e-01 -8.6605e-01 -8.6602e-01
11m/12 -9.6593e-01 -9.6595¢-01 -9.6592e-01
I12(E,h) 6.1699¢-05 9.1201e-06
[*°(E,h) 5.7455e-05 7.9073e-06
CPU-time 1.927249 1.825943

18



EDUSJ, Vol, 32, No: 3, 2023 (9-22)

—B= — Exact
= CF D4
@ CFDME

Figure 5. Exact and Approximate Solution of CFDM4 and CFDM6 for Example 3 with N = 20 and h = 0.1571

Table 8. Rate Convergence of CFDM4 and CFDM6 for [%(E, h) in Example 3

N 1? —CFDM4 Rate 1> —CFDM6 Rate
12 6.1699¢-05 9.1201e-06

24 4.1583e-06 3.8912 1.3713e-07 6.0554
48 2.6449¢-07 3.9747 2.1224e-09 6.0137
96 1.6602¢-08 3.9938 3.3054e-11 6.0047

Table 9. Rate Convergence of CFDM4 and CFDM6 for [*(E, h) in Example 3

N 1 —CFDM4 Rate 1 —CFDM6 Rate
12 5.7455e-05 7.9073e-06

24 3.8721e-06 3.8912 1.2174e-07 6.0213
48 2.4621e-07 3.9752 1.8841e-09 6.0138
96 1.5456¢-08 3.9937 2.9363e-11 6.0037

19
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= 10
5] T
-3
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Figure 6. Comparison Absolute Error of CFDM4 and CFDM6 for Example 3 with N = 12 and h = 0.3333

To provide the summary of the proposed method to find the approximate solutions based on applying compact finite difference
on FIDE of examples (1-3) that have been illustrated in Tables (1-9). The error norms of [? and [® are reported in Tables
(2,3,5,6,8 and 9) of the fourth order for space levels and compared with the results of the sixth order. From Tables (1-9) the
results of the sixth order are better than the results from the fourth. One of the reasons is due to the errors produced by the sixth
order scheme being much close to zero and the obtained numerical solutions indicate that the method is reliable and yields
result compatible with analytical solutions. In addition, the scheme is shown that the fourth and sixth-orders converge in space.

Conclusion

In this paper, we proposed a robust and efficient numerical scheme for solving FIDE problems using a compact finite difference
method based on fourth and sixth orders. The key idea of this research was to implement a combination of fourth and sixth
orders, with the composite Boole’s rule to solve FIDE, resulting in a highly accurate and computationally efficient numerical
solution FIDE. Additionally, the accuracy of the proposed method is demonstrated by considering three test problems. The
precision of the scheme has been measured by considering several test problems and calculating [? and [® error norms for
different space levels. From Tables (1-9) and Figures (1,3 and 5), numerical experiments demonstrated that the results that are
obtained from the proposed method are efficient, reliable, fruitful, and powerful. Overall, the proposed method is a significant
step forward in the field of solving FIDE problems. It offers a robust and efficient numerical approach that can achieve high
levels of accuracy. In the future, this work can be solved by finite element methods for more details see [21-27].
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