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ABSTRACT

In this paper, we study zero-divisor graph of the ring Z,"¢r and give some
properties of this graph. Also, we find the chromatic number, Hosoya polynomial and
Wiener index of this graph .
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1. Introduction

For a commutative ring R with identity 1+£0, let Z(R) be the set of zero divisor of
R, and Z(R)"= Z(R)\{0}. An directed graph I'(R) is a simple graph with vertices in
Z(R)"=Z(R)-{0},and edges E(I'(R))={e=uv: u,ve V(I'(R)) if and only if uv=0}. Many
authors studied this concept see [e.g. 2 and 5] .The distance between a pair of vertices
(u,v)of the graph is the length of the shortest path between u,v. The diameter of a
connected graph G, denoted diam(G)= d(u,v) : is the maximum distance between two
vertices. The eccentricity e(v) of a vertex is the maximum distance from it to any other
vertex, that is e(v)=max d(u,v) for all u,veV(G), the radius of G is rad (G) = min d(u,v)
. for all u,veV(G) and the center of G is defined by Cent(G) = {xe V(G) : d(x,y) =

rad(G)}. [%]([%J resp.) It means that the smallest integer is not less than [?] (the

greatest integer is not greater thanEJresp.) . For any ring R with [Z(R)* > 1 and a €
Z(R)", recall that the neighborhood of a in T'(R), denoted by Nr)(x), is defined as the
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set of all be Z(R)",such that b is adjacent to a in T'(R). That is, Nrgy(X) =
{yeZ(R)"\{x}/x y=0}.

A complete sub-graph K, of a graph G is called a clique , and we denoted o (G) is
the cliqgue number of graph G, which is the greatest integer n > Isuch that KnEG. In [9]
Hosoya gave the concept of Hosoya polynomials as follows: H(GX)=

Efén @ d(G;k)x* ,such that d(G,k) .k > 0, be the number of vertex pairs at distance k in

connected graph G ." The Wiener index of G is the sum of the distance between all pair
of vertices of G, that is W(G)=).d(u,v) ,where u,veV ,and we can find this index by
differentiating Hosoya polynomial with respect to x then putting x=1, see [8 and 10]" .

In [1] Ahmadi and Jahani-Nazhad studied the Wiener index of graph I'(Zpg),
I'(Z4%) where p,q are distinct primes .In [10] Mohammed and authman studied the
Hosoya polynomials and Wiener index of I'(Zp™q),I'(Zp™) and gave the properties of
them . In [13] Shuker, Mohammad and Khaleel studied the zero divisor graph of Z,™,?
and gave Hosoya polynomials and Wiener index of this graph. In this work we extend
this result to the zero divisor graph of Z,"yr, where m > 2 and p,q are distinct primes ,and
we give new properties of Hosoya polynomials of T'(Zp™ qr).

2. Properties of T'(Zp™qr)

In this section we give some properties of T'(Zy™ qr) also we find chromatic
number of this graph , where m>2 and p, q ,r are distinct prime number.

Lemma 2.1 [7]
Let Zn be a ring of integers modulo n. then the number of all non-zero-divisor for

k/n are E —1.
First we give classification of vertices of T'(Zp" qr)

2.2: Classification of V(I'(Zp™ qr))

Let R=Z,"qr ,we can write
A=(P™qr) {0},
Ai= (p™gr) -{(p™"! qr)}, i=2,3,...,m,
Bo=(p"q) {0}, , .
Bi= (p™ ) - {(p™ ar) U (™™ q) },j=1,2,3,....m,
Co= (p"r) -{0},
Ci= (p™*1) - {(p™ ar) U (™' 1) }, k=1,2.3,...,m.
Do= (p™) {0},
Di= (p™) - {(p™ q) U(p™ HUEP™Y) }, 1=1,2,3,...,m-1.
Clearly all these sets are disjoint and Z(R)'=U2, A; UjZo Bj Ugk=o Ck UlR;tD,, and by
using lemma 2.1, we can find the cardinality of sets A as follows:

|A1 | =p-1, | Aj | — ( pUar 1) _ (pp&_ 1) = pi _ pi_l, i=2,...m.

pm_iqr m—i+1qr
Similarly
Bo|=r-1, |Bi| =(p' - pH)(r-1), j=1,2,3,...,m.
Co|=0-1, | Cc| =(p* - p*H(a-1), k=1,2,3,...,m .
Do |=(q-1)(r-1), | Di| = (p' - p"Y) (@-1)(r-1), I=1,2,...,m-1.
Remark 2.3 :

For any non-negative integer number s we get,

1Al =(p-1)+(p? - p)+(p* - pH+...+ p° - pTH=p° -1,
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Yi-o|Bj| =(r-1)+(p — 1)(r-1)+ (p* = p)(r — Dt...+ (p° = p*1)(r — 1) =p*(r-1),

Y=ol Ckl=(a-1)+(p — 1)(a-1)+ (P> — p)+(q — D)+...+ (p° - p*1)(q - 1) = p°(a-1),

Yo IDil=(a-1) (r— 1)+(p — 1)(g-1) (r— 1)+ (P> — p) (@ — 1) (r— D+...+ (p° - p*)(q - 1)
(r-1)=p>(g-1) (r-1).

Next, we shall give the following results:

Theorem 2.4:
Let R=Z," ¢ and A, Bj, Ck,Di be subsets as classification 2.2 and xe Z(R)",
where i=1,...,m, j=0,...,m, k=0,...,m, 1=0,...,m-1 .Then

( p™lqr-2 , ifxeAjand1<i< |2

p™-igr—1 , ifx € A; and EJ+1SiSm.

degr(zpmqr)X:< pm_jr—l , ifXEB]- and 0 <j < m.
p™kq—1 , ifx€Ciand0 <k <m.

\ p™!-1 ,ifxeDand0<I<m-1.

Proof :
First let xe A for 1<i<m and let y €Z (R)", then if ye Aj, where j=1,2,...,m, since
xy=0 (mod p™qr), if and only if i+j< m, theny € Np)(x) ifand only if j=1, ... , m-i,

since ¥M71A;|=p™"-1, and x € Ai has loop if and only if 1< i < EJ we have the
number of adjacent elements with A in this case is p™-2, if 1 <i < EJ and p™-1, if
5| +1<izm.

Similarly if yeBj(Ckor D resp.), then the number.of adjacent elements with A;
are YJ20'[B;| = p™(r-1) ( ZRSICkI= p™(a-1) or TZGDyI=p™(r-1) (g-1) resp) .
Therefore the degree of the vertex x e Ai, 1 < i< EJ , 1S

—i . . m
p™'qr — 2 1f1£1S[;J,

deg(®xea =) pm-iqr — 1 if 3|+1<i<m.

Finally if x € Bj, j=0,1,...,m, and y € Z (Z," 1), and if y € Cxor y € Dy ,then
xy#0.Hence y € Ai ory € Bk ,with 1 < i< m-jand 0 < k < m-j and by the same
method of above proof we have deg(X)xij: p™ r-1 , 0< j <m. Similarly we can

find, deg(X)xec, =P™" (0-1), 0< k< m, and deg(x)yep,=P™" -1,0< 1< m-1.

Theorem 2.5.
Let R= Z," qr and Aj, Bj, C«,Di be a subsets as classification 2.2, where,
1=1,2,3,...,m, j=0,1,2,3,...,m, k=0,1,...,m-1. Then Cent(F(R))=U§2{1AiUBoUCo

Proof.
Let x € I' (R) . Then we have the following two cases:

Casel.

If min {e(x)} = 1, then x is adjacent to all other vertices. This mean that R is a
local ring or R=F1 xF,, where F; ,ie{1,2} is a field but not local [ 14 ], this contradict
the fact that R is not local ring or isomorphic with F1 x F».
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Case2.

If min {e(x)} =2 or 3 .Since the diam(I'(R)) < 3, then max {e(x)} < 3 .So min
{e(x)}=2 this mean that the eccentricity of the vertices of the center of I'(R) must be 2
.We observe that x € Ai,y € Bo, z € Co where i=1,,2,...,m — 1, has the eccentricity 2.

Example 1.

Let T'(Zp™ q.r),is graph with p=2,q=3,r=5,m=5,then
2(Z:5 35)'=1{2,3,4,5,6,8,9,10,12,14,15,16,18,20,21,22,24,25,... 478},
Z(Z2°35)"= Z(Z(480)) =UZ, A; U, B URL, Ci UiZp" Dy
A1=(2*3.5)-{0}={240}.
Ar=(2%3.5)-{A1U{0}}={120,360}.
A3=(22.3.5)-{A1UA,U{0}}={60,180,300,420} .
As=(2.3.5)-{A1UAUA;U{0}}={30,90,150,210,270,330, 390,450}.
As=(3.5)-{Asu{0}}={15, 45, 75, 105, 135, 165, 195, 225, 255, 285, 315, 345, 375, 405,
435, 465}.
Bo=(2°.3)-{0}={96,192,288,384}.
B1=(2*.3)-{BoUA1U{0}}={48,144,336,432}.
B2=(23.3)={BoUB1UA; UA,U{0}}={24,72,168,216,264,312,408,456}
B3=(22.3)={B,UAsU{0}}={12, 36, 84, 108, 132, 156, 204, 228, 252, 276, 324, 348,
372, 396, 444, 468}.
B4=(2.3)={BsUA,U{0}}={6, 18, 42, 54, 66, 78, 102, 114, 126, 138, 162, 174, 186, 198,
222, 234, 246, 258, 282, 294,306, 318, 342, 354, 366, 378,402 , 414, 426, 438, 462,
474},
Bs=(3)-{BsUAsU {0}}={3, 9, 21, 27, 33, 39, 51, 57, 63, 69, 81, 87, 93, 99, 111, 117,
123,129, 141,..., 459, 471, 477}.
Co=(25.5)-{0}={160, 320}.
C1=(245)-{CoUA1U{0}}={80, 400}.
C2=(23.5)-{C1UA,U{0}}={40, 200, 280, 440}.
C3=(22.5)-{C2UA3U{0}}={20, 100, 140, 220, 260, 340, 388, 460}.
C4=(2.5)-{C20UAsU{0}}={10, 50, 70, 110, 130, 170, 190, 230, 250, 290, 310, 350, 370,
410, 430, 470}.
Cs=(5)-{C4UAsU{0}}={5, 25, 35, 55, 65, 85, 95, 115, 125, 145, 155, 175, 185, 205,
215, 235, 245, 265, 275, 295, 305, 325, 335, 355, 365, 385, 395, 415, 425, 445, 455,
475}
Do=(25)-{BoUCoU{0}}={32, 64, 128, 416, 224, 256, 448, 352}.
D1=(2%)- {Do UB1UC1UA{0}}={16, 112, 176, 208, 272, 304, 368, 464}.
D,=(2%)-D1UBUCUA{0}}={8, 56, 88, 104, 136, 152, 184, 232, 248, 28, 344, 376,
392, 424, 472}.
Ds=(22)-{D,UB2UC,UA{0}}={4, 28, 44, 52, 68, 76, 92, 116, 124, 148, 164, 172, 188,
196, ... 436,452, 476}.
Ds=(2)-{DsUBsUC3UA{0}}={2, 14, 22, 26, 34, 38, 46, 58, 62, 74, 82, 86, 94, 98, 106,
118, 122, .., 458, 466, 478}.
Then the
deg(I'(Zasgo))xea1r =288 , deg(I'(Zaso))xea2 =118, deg(I'(Zago))xeaz =59, deg(I'(Zaso))xeas
=29, deg(T'(Z4s0))xeas =14,
deg(I'(Z480))xeBo =95, deg(I'(Z4s0))xeB1 =47, deg(I'(Zaso) )xeB2 =23,
deg(I'(Zaso))xers =11, deg(I'(Zago))xers =6, deg(I'(Zago))xes =2, deg(I'(Zago))xeco =159,
deg(I'(Z480))xec1 =79, deg(I'(Z4s80))xec2 =39
deg(T'(Zago))xec3=19, deg(I'(Zago))xecs =9, deg(I'(Zago))xecs =4
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deg(I'(Zaso))xepo =31, deg(I'(Zaso))xe p1 =15, deg(I'(Zaso))xe b2 =7

deg(I'(Zaso))xep3 =3, deg(I'(Zaso))xe pa=1, and
Cent(I'( Zsso))= UM71 A; UBo UCo.
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Fig. T'(Z2°35)
Theorem 2.6:

Let R= Z," ¢ and Aj, Bj, C«,Di be a subsets as classification 2.2 if xeZ(R)",

where i=1,...,m, j=0,...,m, k=0,...,m, 1=0,...,m-1 .Then
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m
pz +1 ,if m even.
m-—1

m —
o(T(Zp"qr))= pz +2 ,if modd .

Proof:

First, if m even number let J:UizlAi U{X,y}, where x =p™q € Bo ,and y = p"r €
Co .It is clear that J is a complete sub-graph and J=K m.We claim that J is the greats
p2

complete sub-graph .Let z € T'(R)-J, then there are three cases:

Case 1: If z € Bj ,where j=1,...,m ,then Z ¢ Nr)(x)

Case 2: If z eCy ,where k=1,...,m , or Diwhere I=1,...,m-1, then z& Nr)(y).

Case3:Ifze Ai , where —<i<m-1,then z¢ Nper)(w) forany weAm . ThenJ the
2

m

greats complete sub-graph of I'(R). Therefore co(F(R))zZizllAil + 2 :p%+1.

Second if m odd let J:UzAi u{x.,y,z }, where x =p™q , y= p™r and z:me_lqr,
then by the same method of above prove we have J the greats complete sub-graph of
I' (R), therefor

m-—1

2= m-1
o(T(R)=X;2, |Aj| +3=p = +2.

Theorem2.7:
Let R=Zp™ qr .Then I'(R) has s-partite, where
pz+1 ,if meven.

S = m-—1

pz +2 ,if modd.

Proof:

Let Z(R)"= UAi UBjU CxU Dy, where Ai, Bj, C«, Dy, i=1,2,...,m, j=0,1,2,...,m,
k=0,1,...,m, ,I=0,...,m-1.
1. If m is even number, the graph T'(R) has pz + 1 partitions since into subset with

m

different vertices non-adjacent, as follows: The vertices U;Ai with  number

pz +1 . we notice that such vertices in only one set . let such set one

X1,X2,...x m Xm ,and let xm ={u:u e Am}. Clearly the vertices in
pz-2 pz-1 pz-1 2

U?;mHAi ,is non-adjacent with each other since i+j > m .and all vertices are non —
2

adjacent with the set xm X So we can put them in one set namely
pz-

Uo:{xp%_l} Uiri%ﬂAi. We note that the vertices in the set U; = UjZ, B;, are non-
adjacent vertices with other, and some of its elements is adjacent with X; ,
i=l,2,...,p?—1. In a similar way we can show that the set U, =
UiZo G; Uy Dx. So that T(R) has p?+1 partitions Up, Ui, Uz, X,

X2, X m 2and I'(R) has pz +1 partite.
pz-
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m-1

2. If misodd as in proof 1. we observe that the set U, ?, A; ,as adjacent vertices with
other. So every vertex of the vertices in an independent set. We also notice that the
vertices of the set U;‘;m_HAi , as non- adjacent vertices with other .So we shall put

2

it in one set , namely Uo. In a similar way we can find the element of the sets U; =
U2, B;, and also U, = U2, C; URLy' Dy, in an independent sets with number s =

me_+2 .So the graph has s- partite .

Theorem 2.8:
Let R= Z," qr .Then %(I'(R)) =s, where
pz + 1, if meven,

S = m-1

pz +2, if modd.

)

Proof:
By Theorem 2.7 I'(R) has s-partite so that x(I'(R))< s. also Theorem 2.6 shown
o(I'(R)) =s therefore ¥ (I'(R))>s. So that x(T'(R)) =s.

3. Hosoya and Wiener index of zero divisor graph of I'(Zp"qr)

In this section we shall find the Hosoya polynomials and Wiener index of T'(Zy"qr)
we also find the order and size of I'(Zp™qr), where m > 2 and p, q ,r are distinct primes
and show diam(I" (R)) =3.

Lemma 3.1 [11]
Let (R1, m1), (R2, mz2) and ( Rs,mz) are finite local rings, then
| Z(R1 x R2 x R3)" | =|R1| . |R2| . | m3| + | Z(R1 X R2)]| . (|R3|- | ma]) -1, where
| Z(R1 x R2) [ = [Ra] . | m2| + [Ra| . [ ma] - [mq].[m2].
Next we shall give the following results

Theorem 3.2:

Let R = Zymg, , then I'(R) has order, ao=p™(qr+pr-pg+r-gq+p-1)-1 and size, a; =
1 1-p™m 1-pm+1 1—pm+1 1-p™m m
E[qr( 1—pp)+q( 1p—p >+r( 1p—p >+p( 1—pp) _(lEJ+4m+2)]'
Proof :

Since ZpMqr =Zp"x Zq xZ; ,then by lemma(3.1) I'(R) has order
ao =p™(gr+pr-pg+r-g+p-1)-1
Next we shall find size a,0f R, since
2a; = ZvEF(R) deg(v)

= Yven; deg(V) + Xyep, deg(v) + Xvec, deg(v) + Xyen, deg(v) where

i=1,...,mj=0,..., mk=0,...,m,1=0,...,m-1

20, = T2l ar - 2) + S, (0" ar = 1)+ ("~ 1) +

Y™ kg —1) + X2 ™ - 1).
Hence

o = Har () 0 (27 1 (27w (52) (2] m 4 2).

19



Nazar H. Shuker, Husam Q. Mohammad & Luma A. Khaleel

Theorem3.3 :

Let R = Z,mq,, then diam I'(R)=3.

Proof:

Since Z(meqr)*: UAi UBjU Ck U D), where Ai , Bj, C«, Dj, i=1,2,....m,
j=0,1,2,...,m, k=0,1,...,m, ,I=0,...,m-1, be subsets as classification 2.2.we can find vie
Bm , V2€Cn .Since every element in Bm is adjacent with only element in Co and every
element in Cr, is adjacent with only element in Bo, and since every element in Bg is
adjacent with elements in Co.Then we have d(v1,v2)=3. So that diam I'(Z,"qr)=3.

Lemma3.4: [9]
Let G be a connected graph of order r, then Yoo d(G, i) :% r(r+1) .
In the next result we find the Hosoya polynomials of T'(Zy"qr).

Theorem 3.5 :
LetR=Zz ., . then H(I'(R),x)=ao+aix+ax*+asx>, where

a=p™(@r+pr-pg+r-q+p-1)-1,
= 3lor () +a (S5 ) +r (55) +e (55) - (5] +4m+2)1
az=2 (™ (ar+pr-pg+r—q+p-1)-1)[p™ (ar+pr—pg+r—q+p-1)-1+1]-

P Carpr-pa+roa+p 1) - 1S far () +a(F5) +r(F50) +

p (525) — (|2] + 4m +2)1- ("p™) @D ™D+ (p™1) (1) + p (12 + p
(9-1)(r-1)+ (p™ -1)(r-1)], and
az = (p™-p™) (a-1[ (pP™-1)+ (p™-1) (r-1)+p™* (r-1)%+ p™* (g-1)(r-1)+ (p™ -1)(r-1)].
Proof:

By Theorem 3.2, ao= p™* (qr+pr-pg+r-g+p-1) - 1 and

m m+1 m+1 m
ar =slar (55) + a () + 1 (55) + o (55) - (|3 +4m +2)1 Now 1o
find a3
letx,y € Z"(Zymqr)= UiZ, A U2, By UL, Cic U7 Dy,
where A, Bj, Cx, Di as classification 2.2.Then there are four cases:

Casel:

1. If xe Aiand ye A} ,i=1,2,....m,j=1,2,.... m.x=kip™ qr,p™"*1tks, y=kop™ qr, p™
"4k, |, then x and y adjacent p™qr,that is d(x,y)< 2 a contradiction .

2. If xe Aiand ye Bj , i=1,2,...,m,j=0,1,2, ....m.x=kip™ qr,p™ ki, y=kop™ g, p™
"4k, then x and y adjacent p™!qr,that is d(x,y)< 2 a contradiction.

3. If xe Aiand yeDy ,i=1,2,...,m, 1=0,1,2,....m-1. x=kip™' qr,p™"*1tky, y=kop™', p™
*1tk, | then x and y adjacent p™qr, that is d(x,y)< 2 a contradiction

4. If i=m ,xe Ai, then x adjacent with only elements in Bg or Co, so that d(x,y)=3 for
any k=1,2,...,m-1 and the number of elements in this case is |Am|.Y 7" |Cil=(p™-
p™).(p"-1)(a-1).

Case2:
1 Ifxe Biand ye Bj, i, j=0,1,2,...,m. x=kip™"' q, y=k:p™ g, p™"**qtks,p™ " qtkz ,then
x and y adjacent p™q,that is d(x,y)< 2 a contradiction .

20



Zero Divisor Graph Of Z,™ ¢ with Applications

2 If xe Biand xe Cx, i, j=0,1,2,...,m. x=kip™ q, y=kop™* r, p™*1tks p™i*itk; , p™
k*1rtko,then x and y adjacent p™q, that is d(x,y)< 2 a contradiction .

3 If xe Biand ye Dy , i=0,1,2,...,m ,1=0,1,2,...,m-1,x=kip™ q, y=kop™ , p™
gtk p™*igtkz then x and y adjacent p™q, that is d(x,y)< 2 a contradiction.

4 If i=m, xe Bj, and xe C then x adjacent with only elements in Co, so that d(x,y)=3
for any k=1,2,...,m-1 and the number of element in this cases |Bm|.X7 [Cyl=(p™-
p)(r-1).(P™*-1)(a-1).

5 |Ifi=m, xe Bi and ye D then x adjacent with only elements in Co, so that d(x,y)=3
for any 1=0,1,2,....m-1 and the number of element in this cases

Bl ZiZo" Di|=(p"™-p")(r-1). p™* (g-1)(r-1).

Case3:

1 If xe Ciand xe Ck ,i, j=0,1,2,....m. x=Kip™'r, y=kop™* r, p™"*rtke,p™**riko,then
x and y are adjacent p™?r, that is d(x,y)<2 a contradiction .

2 Ifx €, and ye Dy, i,j=0,1,2,...,m-1. x=kip™'r, y=kop™!, p™*1rtks,p™** 14ko, then
x and y adjacent p™!r, that is d(x,y)<2 a contradiction.

3 Ifi=m ,xe C; and ye B;j then x adjacent with only elements in Bo, so that d(x,y)=3
for any j=1,2,...,m and the number of element in this cases |Cm|.Xj2; |B;j|=(p"™-p™
N(@-1). p™ (r-1)

4 If i=m ,x € Cj,and y € Dy then x adjacent with only elements in Bo, so that
d(x,y)=3 for any 1=0,1,2,....m and the number of element in this cases

ICnl 2121 IDy|=(p"™-p™)(@-1).( p™* -1)(r-1)(q-1)

Case4: _
If xe Di and yeD,, i,1=0,1,2,...,m-1. x=kip', y=kop', qtk1,q tk2 ,then x and y

adjacent qr, that is d(x,y)< 2 a contradiction.
Therefore, a3 = (p™-p™?) (@-1)[ (p™-1)+ (p™-1) (r-1)+p™* (-1)*+ p™* (g-1)(r-1)+ (p" -
1)(r-1)].

Finally we find a2 by using lemma 3.4., then
az== (™ (ar+pr—pg+r—q+p-1)-1)[p™ (ar+pr—pqg+r—q+p-1)-1+1]- p™
(qr+pr—pq+r—q+p—1)—1-§ [qr(%)+q(l_p—)+r(1_p )+p(1_p )—

1-p 1-p 1-p
([5]+4m+ 2)1- @™p™) @DL ™2+ (G™1) (1) + p™ (-2 + p™ (@-L)(-1)+ (" -
1)(r-1)].
Corollary 3.6:
W@ o)=3lar (55) + a(55-) +r(55) + (55) - (3] + am + 2))
+2 [ (o™ (ar+pr-par-g+p-1)-1 ) [p™H(Qr+pr-pa+r-gp-1)-1+1]- p™L(ar+pr-pa--gp-
Dt lar () + 0 (55) + 1 (55) +p (55) — ([5] + 4m 21 - G
D @D ™1+ (p™-1) (-1)+p™ (r-1)%+ p™ (g-1)(r-1)+ (p™ -1)(-1)1] +3[ (p"-p™
D.(p™-1)(a-1)+ (p-pTH)(r-1).(p™-1)(@-1)+ (p"-p™H)(r-1). p™ (a-1)(r-1)+ (P"-p™)(a-
1). P™ (a-1)(r-1)+ (p™-p™)(a-1).(p™ -1)(r-1)].
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Proof: Since W(F(meqr)):§H(F(meqr);x)|x=1 therefore,

W Em)=0saresdan= 3 (pa () + 0 (S5) + 1 (55 +0 (555) -

(|3] +4m+2)1+2C (@™ (ar+pr-pa+r-q+p-1)-1)[p™ (qr+pr—pq+r

3 1 1-pm 1-pm+1
~q+p-1) 141 p" (ar+propg+r-q+p-1)-1-2 [ar (55) + a () +

r(E2) +p (B2 = ([2] + 4m + 2)1 - ™™ @D ™D+ (G™1) (1) +p™

(r-1)? + p™! (g-1)(r-1)+ (p™ -1)(r-1)]1+3[ (P™-p™h).(p™-1)(qg-1)+ (p™-p™H)(r-1).(p™-1)(q-
3; (B;‘-pm'l)(r-l)- p™t (g-1)(r-1)+ (p™-p™ ) (g-1). p™* (g-1)(r-1)+ (p™-p™1)(g-1).( p™ -
r- .

Example 2:

In Example 1,we find Hosoya polynomial and Wiener index of zero divisor graph
of ['(Z2°35) ,d(I'(Z2°35,0))=351, d(I'(Z2°35,1))=504, d(I'(Z2°35,2))=39705,
d(I'(Z2°35,3))=21216.

Therefore we have W (I'(Z2°35);X)l x=1=351+504x+39705x?+21216x°. By definition
Wiener index of zero divisor graph of I'(Z2°35s) .
W(I(Z2° 35)) =504+2(39705)+3(21216) =143562.
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