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ABSTRACT 

          Oscillation conditions of second order impulsive delay differential equations with 

impulses are investigated, some sufficient conditions for all solutions to be oscillatory are 

obtained. Also, two examples are given to illustrate the applicability of the results obtained. 
Keywords: oscillation, impulsive differential equations, non oscillatory. 
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تم في هذذ ا احث ذذا ة ارذذ  لذذبذب احل لذذ م ح لاذذال احضلذذ ةلم احلئ  ذذلاب  احضلث د ذذ  احعثىذذب   ذح ذذ    ذذلاع   لاذذ   لذذ  
 بيق حلاعل ئج احلي   لاع   لايه .احشبذب احك فب  احلي تجلل جضبع اح لاال مل ل   . ذأيىً  أ طيع  مث حين حلا بح ق للاب  احلط

 ، غيب احل ل لب . ضلث د  احكلاض م احضئل  ب : احل ل م ، احضل ةلم احلئ  لاب  اح
1. Introduction: 

         Many evolution processes in nature are characterized by the fact that at certain 

moments of time they experience an abrupt change of state. This has been the main 

reason for the development of the theory of impulsive ordinary differential equations. 

The impulsive differential equations are therefore a new branch of the theory of 

ordinary differential equations. The investigation of these equations was rather slow as 

compared to ordinary differential equations without impulse. This is due to the great 

difficulties caused by the specific properties of the impulsive equations such as beating, 

bifurcation, merging, and loss of property of autonomy of the solutions. Despite these 

difficulties, the theory of differential equations with impulses is emerging as an 

important area of investigation, since it is much richer than the corresponding theory of 

differential equations. Moreover, such equations represent a natural framework for 

mathematical modeling of several real world phenomena. 

In this paper, we are concerned with the problem of oscillation of solutions of second 

order impulsive delay differential equations. 

Consider the following system 

 

where  is a real-valued function defined on  , D is a domain in 

 is a sequence of real numbers for  ,and  is a sequence of real 

number which satisfies  and   

The solution of (1.1) is such a piecewise continuous function that has discontinuities of 

the first kind at  satisfying the jumps condition, that is 
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 assumes that  and  

(1.1) Definitions 

 

Definition 1.1 [3]  A real-valued function  is called a solution of (1.1) on  

 ,   if   

(i)  and , 

(ii)  is continuously differentiable and satisfies (1.1) on every subinterval of 

 not containing  

(iii)  at which  is assumed to be 

left continuous , i.e.,  

Definition 1.2 [5] A nontrivial function x(t), which may be a solution of an impulsive 

differential equations (IDE), is called oscillatory if there exists a sequence  such that 

. Otherwise, x(t) is said to be nonoscillatory. A 

nonoscillatory function is either eventually positive or negative, i.e., there exists  such 

that  for all . 

A differential equation is called oscillatory if every solution of the equation is 

oscillatory and nonoscillatory if it has at least one nonoscillatory solution. 

Next, consider 

 

Where the following conditions hold: 

a)  

b)  

c)  

d)  
 

(1.2) Helping Results 
 

Theorem1.1 ([13]) Suppose that  , and that there exist two positive 

functions  and  with the following properties: 

 

 

 

  

 

Theorem 1.2 ([13]) Suppose that     and 

that there exists a positive function  with the following properties: 
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. 
 

2. Main Results 
 

Consider the following system which contains delay arguments and imposes 

impulse condition and obtain oscillation criteria for the corresponding impulsive 

differential equation 

 

 

 

Assume that  the following conditions are held: 

a)  

b)  

c)  

d)  

e)  

f) For a given  there exists  such that   if  

 

According to theorems 1.1 and 1.2, we get the following theorems. 
 

Theorem 2.1 Let . and  there exist two positive functions  

and  with the following properties: 

 

 

Then if  

 

  

Proof : Suppose there exists a nonoscillatory solution of (2.1). without losing the 

generality , assume that  for all sufficiently large t, , from equation 

(2.1) , we have 

 

  

 

 

This implies that r(t)x'(t) is non-increasing for all . From the assumption 

 it follows that x'(t)  i.e., x(t) is non-decreasing for . 

 In fact, if x'(t*)<0 for some t* T, then r(t)x'(t) r(t*)x'(t*) for t t*, and an integration 

of the last inequality divided by r(t) gives  

x(t*) r(t*)x'(t*) , 
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If we define  

 

Then it follows that 

 

Using (2.1), we have  

  

 

  

Thus, we obtain  

 

 

Clearly  

 
Since are non-decreasing, the third and fourth terms of the right hand 

side are nonnegative and therefore,  

 

 

In view of 

 

By integrating the inequality (2.6) on the interval we have 

 

 

 

 

Since  for some , and (f) holds, we easily get  
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Where By using the inequalities  and 

 (2.2) and (2.4), and applying Bonnet's theorem, the first integral on the 

right hand side of the above inequality is estimated as follows: 

 

Thus ,the first integral on the right hand side of (2.7) remains bounded above as   

Letting  in (2.7) we have  

 

Which contradicts the fact that  this completes the proof of the 

theorem. 
 

Theorem 2.2 Let  and  and that there exists a positive 

function  with the following properties: 

 

 

 

if  

 

Then ,the equation (2.1) is oscillatory. 
 

Proof: Let  be a nonoscillatory solution such that  It 

follows that  is non-increasing for  and so  is eventually of 

constant sign. 

Define  

 

Clearly, 

 

In view of (2.1), we obtain from (2.11) that  

 

Thus, we have 
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It follows that  

 

Suppose that  it is clear that the second term on the right hand side of the 

above inequality is nonnegative and the first term is non-positive. Therefore,  

 

Integrating the above inequality, we get 

 

 

Now, as  we can make sure that there is a  such that 

By using this fact we have 

 

Where  Letting  in (2.14), we obtain a 

contradiction. So we must have  in this case, consider  

 

It follows that if ,then there exists  such that  so  

 
Where   the first integral on the right hand side of the above 

inequality is bounded from above in a similar way as in the previous theorem. In view 

of (2.15) we see that there exists a  so that 

 

or 

 

or 

 

for  multiplying both sides of (2.16) by 
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We get 

 

by Integrating from  we have 

 

Where   

Therefore, 

 

From (2.16) we may write  

 

and from (2.17)  

 

or  

 

or  

 

or  

 

or  

 

Integrating from  ,we get  

 

Which is given  which is contradiction. This proves the theorem. 

3. Examples 

Example 3.1 Consider the impulsive delay differential equation 

 

 

 

Here , we have 
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Clearly,                                                 

 

 

Since all conditions of Theorem 2.1 are satisfied; (3.1) is oscillatory. 

We note that if the equation is not subject to impulse condition, then since  

 

The equation  

 

has a nonoscillatory solution by Theorem 1.1.  

 

Example 3.2: Consider the impulsive delay differential equation 

 

 

 

So that 

  

Clearly  

 

 

and  

 

By Theorem 2.2, (3.2) is oscillatory. 

We note that if the equation is not subject to impulse condition, then since  

 

the equation                               

is nonoscillatory by Theorem 1.2. 

Conclusions 

In this paper, we are concerned with the problem of oscillation of solutions of  

impulsive delay differential equations. In view of the known results obtained for delay 

differential equations with impulses, we derived new oscillation criteria for delay 

differential equations with impulses. In particular, sufficient conditions are to be 

obtained under which all solutions of a certain impulsive differential equation oscillate. 

A definition of oscillation is given. The impulsive differential equations are adequate 

mathematical models for the description of evolution processes characterized by the 

combination of a continuous and jumps change of their state. 
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