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ABSTRACT 

In this paper, we provide a solution to the system of non-integer 

differential equation of order  0  q  1, by the technique of Laplace 

transformation and with interest to property of Mittag-Leffler function, with 

the help of  the programming technique of Maple. 
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 تحويل لابلاس عمالالمعادلات التفاضلية الكسرية الخطية باستمنظومة حل 

 ياسين مصطفى                            د يششاكر ر 

 جامعة دهوك ة،كلية التربي  

 28/06/2007: القبول اريخت                                  01/03/2007ستلام: تاريخ الا

 الملخص
صحيحة  اللمنظومة من المعادلات التفاضلية ذات الرتب غير  هذا البحث حلايتناول 

بالأستفادة من خواص دالة  بإستعمال تحويلات لابلاس و ، وذلك  q  1 0الرتبة  من)الكسرية( 
 ة مابل. يبرمجلغة اللا، وبالأستعانة بليفلير - ميتاك

تحويلات ، الكسرية المعادلات التفاضلية ذات الرتب، ليفلير –دالة ميتاك الكلمات المفتاحية: 
  حزمة مابل. ،لابلاس

1- Introduction: 

Fractional order systems, or systems containing fractional 

derivatives and integrals, have been studied by many in the engineering area 

and also by mathematicians. It should be noted that there is a growing 

number of physical systems whose behavior can be compactly described 

using fractional system theory. Of specific interest to electrical engineers are 

long lines (Heaviside, 1922), electrochemical processes (Ichise, 

Nagayanagi, and Kojima, 1971; Sun, Onaral, and Tsao, 1984), and chaos 

(Hartley, Lorenzo, and Qammar, 1995) for more details see [2]. System of 

fractional differential equation can be written as follows: 
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D
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                                                         (1) 

In [2], the author used Laplace transform to find the solution for the 

Fundamental linear fractional order differential equation, where the notation 

has been defined in Lorenzo and Hartely (1998) [3], it will be assumed for 

clarity that the problem starts at t=0, it is also assumed that all initial 

conditions are zeros. In this paper, we used this assumption to solve system 

(1), so we suppose that all initial conditions are set to zero, and by 

recoursing to properties of Mittage-Leffler function we  formulate solutions 

for the system (1) (as a special solution). Using the Maple language [4] for 

calculating the value of solution for arbitrary q. 

We set forth some definitions and theorems; see [5] and [7]. 
 

Definition 1.1: The function F(t) is said to be sectionally continuous over 

the interval a ≤ t ≤ b if that interval can be divided into a finite number of 

subintervals c ≤ t ≤ d such that in each subinterval: 

(i) F(t) is continuous in the open interval c   t  d 

(ii) F(t) approaches a limit as t approaches end point from within the 

interval; that is, 
+→

lim ( )
t c
F t and , 

−→
lim ( )
t d
F t exist . 

 

Definition 1.2: The function F(t) is said to be of exponential order as t→  

if constants M and b and affixed t-value to exist such that  F(t) M exp(bt)  

for  t ≥ t0. 
 

Definition 1.3: Function of class A is any function that is: 

(i)    Sectionally continuous over every finite interval in the range t ≥ 0. 

(ii)  Of exponential order as t→ . 
 

Theorem 1.4: If F(t) is a function of class A, L{F(t)} exists. 

 Note 1.5: It is important to realize that this theorem states only that for 

L{F(t)} to exist, it is sufficient that F(t) be of class A. The condition is not 

necessary, Classic example showing that function other than those of class 

A do have Laplace transforms is F(t)= t-0.5. This function is not sectionally 

continuous in every finite interval in the rang t ≥0, because F(t) →  as 

t→0, but t-0.5 is integrable from 0 to any positive t0. Also t-0.5→ 0 as t→  so 

its of exponential order hence L{ t-0.5} exists. 
 

Theorem 1.6: if F(t) a function of class A and if L{F(t)} = f(s), then 

→
=lim ( ) 0

s
f s . 
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Theorem 1.7: If L-1{f(s)}=F(t), c ≥ 0, and F(t) be assigned values for 

 –c ≤ t ≤ 0, then L-1{exp(-cs)f(s)}=F(t-c)(t-c), where (t-c) is a step 

function. 
 

Remark 1.8: If ( 1)( ), '( ),..., ( )nF t F t F t−  are continuous for t ≥ 0 and of 

exponential order as t → , and if F(n)(t) is of class A; then  

( ) ( )
1

1

0

{ ( )} ( ) (0)
n

kn n n k

k

L F t s f s s F
−

− −

=

= −  

( )
1

1

0

(0){ ( )} ( )
nq

kq q k

t
k

L D F t s f s s F
−

− −

=

= − , 

where n is an integer and n-1<q < n. 

The reader can observe that there is no difference between the two 

forms when all the initial conditions are zero; [1], [5]. 

 To Compute the inverse Laplace transformation of f(s)g(s)  

(L-1{f(s) g(s)}) we use the concepts of Convolution Theorem. 
 

Theorem (Convolution Theorem) 1.9: If L-1{f(s)} = F(t), if L-1{g(s)}= G(t) 

and if F(t) and G(t) are functions of class A; then 

F(t)G(t) =  −=−

t

dtFGsgsfL
0

1 )()()}()({      (2) 

Of course, F and G are interchangeable in (2) because f and g in (2) are 

symmetrically.   

Mittag-Leffler function concepts 1.10: 

The Mittag-Leffler function ( )E z , named after its originator, the 

Swedish mathematician Gosta  Mittag-Leffler (1846-1927) [8], is defined by  

0 1
( )

( )n

n

n

z
E z

=



 +
=       (3) 

where z is a complex variable and λ ≥ 0 (for λ = 0 the radius of convergence 

of equation (3) is finite, and one has by definition 0

1
( )

(1 )
=

−
E z

z
). The 

Mittag-Leffler function is a generalization of the exponential function, to 

which it reduces for λ = 1, 1( ) exp( )=E z z . For 0  λ  1 it interpolates 

between a pure exponential and a hyperbolic function 
0

1
( )

(1 )
=

−
E z

z
. The 

generalized Mittag-Leffler function is 

0

, ( )
( )n

n

n

z
E z 

 =



 +
= ,       (4) 
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So that ,1( ) ( )E z E z = , in the simplest λ, η ≥ 0; [6]. 

 

2-Main result: 

Theorem 2.1: If F(t) and G(t) are functions of class A, in fractional 

differential system, satisfies the convolution theorem, then (1) has a solution 

for 0  q  1. 

Proof: rewrite the system (1)  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

= = +

= = +

qq

t t

qq

t t

F

G

X t x t ay t t

Y t y t bx t t

D

D

d

d

      (I) 

Using Laplace transform we have 

 Sq x(s) = a y(s) + f(s) 

                                          (II) 

Sq y(s) = bx(s) + g(s) 

 

With initial conditions all zeros. We have 

 Sq x(s)- a y(s) = f(s) 

                                         (III) 

-bx(s) +Sq y(s) = g(s) 

 

using crammer rule, we find that the solution of the algebraic system (III) 

abs

sagssf

sb

as

ssg

asf

sx
q

q

q

q

q

−

+
=

−

−

−

=
2

)()()(

)(

)(
      (IV) 

abs

sbfsgs

abs

sgb

sfs

sy
q

q

q

q

−

+
=

−

−
=

22

)()()(

)(

)(       (V) 

 

we can expand )(
)(

...........
)()(11

0
)22(8

3

6

2

422
sr

s

ab

s

ab

s

ab

s

ab

sabs n
nq

n

qqqqq
==++++=

−



=
+

 

so )(
)(

...........
)(1

0
)12(5

2

32
sM

s

ab

s

ab

s

ab

sabs

s

n
nq

n

qqqq

q

==+++=
−




=
+

 

Moreover 
11

( )

q

q

t
L

s q

− 
=  

 

, q  0     

Then 
1 3 1 2 5 1 2

1 1

2
0

( ) ( )
... ( )

( ) (3 ) (5 ) (2 )

q q q q nq
q n

q
n

s t ab t ab t t
L t ab

s ab q q q nq q

− − − 
− −

=

 
= + + + = 

−     + 
   
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and  
2 1 4 1 2 6 1 2

1 2 1

2
0

1 ( ) ( ) ( )
... ( )

(2 ) (4 ) (6 ) (2 2 )

q q q n nq
q

q
n

t ab t ab t ab t
L t N t

s ab q q q nq q

− − − 
− −

=

 
= + + + = = 

−     + 
  

Return to equation (IV): 

 1 1 1

2 2

( ) ( )
( )

q

q q

f s s g s
L x s L aL

s ab s ab

− − −   
= +   

− −  

, so by using convolution theorem 

we have 

 1

0 0
( ) ( ) ( ) ( ) ( ) ( )

t t

X t L x s F t M d a G t N d     −= = − + −   

        
2 2

1 2 1

0 00 0

( ) ( )
( ) ( )

(2 ) (2 2 )

t tn nq n nq
q q

n n

ab ab
F t d a G t d

nq q nq q

 
     

 
− −

= =

   
= − + −   

 +  +   
    

1 2 2 2 1

0 00 0

( ) ( ) ( ) ( )
( )

(2 ) (2 2 )

t tq n nq nq q n

n n

F t ab G t ab
X t d a d

nq q nq q

     
 

− − 

= =

− −
= +

 +  +
      (VI) 

which can be solved after integration for . 

Now, similarly we can find solution of y(t) that is: 

 1 1 1

2 2

( ) ( )
( ) ( )

q

q q

s g s f s
L y s y t L bL

s ab s ab

− − −   
= = +   

− −  

 

0 0

( ) ( ) ( ) ( ) ( )

t t

Y t G t M d b F t N d     = − + −  ; So  

1 2 2 2 1

0 00 0

( ) ( ) ( ) ( )
( )

(2 ) (2 2 )

t tq n nq nq q n

n n

G t ab F t ab
Y t d b d

nq q nq q

     
 

− − 

= =

− −
= +

 +  +
      (VII) 

Corollary 2.2: Locally solution of system (1) consists of implicitly Mittag-

leffler function. 

Proof:  To prove that we set K=2nq+2q-1, R =2nq+q-1, for n = 0, 1, 2,…, 

with 0  q  1. 

Now the solution (VI) and (VII) have the new forms:  
1 2 1

2 2

1,1 1,1

0 0

( ) ( , ) ( )( ) ( , ) ( )( )

R q K qt t

q qX t E R F t ab d a E K G t ab d     

− + − +

= − + −   

1 2 1

2 2

1,1 1,1

0 0

( ) ( , ) ( )( ) ( , ) ( )( )

R q K qt t

q qY t E R G t ab d b E K F t ab d     

− + − +

= − + −   

Where  
1,1

2 1

( , )
( 1)

K

k q

E K
K






= −

=
 +

  is a Mittag-leffler function for: 
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(2 2)
for 8

for 2

for is even in otherwise

(2( 1) 3)
for isodd

m
L

L

n L

K m
L

L

m
L

L

+
=


=


= 



+ +


 

 

And 
1,1

1

( , )
( 1)

R

R q

E R
R






= −

=
 +

 ; is a Mittag-leffler function for: 

(2 3)
if is even

2( 1)
if is odd

+


= 
+



m
L

L
R

m
L

L

 

Where 1
L

q
= , and m = -4, -3, -2,…,10. 

  

3-Example of application: 

 If we take F(t) = 1, G(t) = t and for a = b = 1. Then system (1) 

become as follows:- 

( ) ( ) ( ) 1

( ) ( ) ( )

= = +

= = +

qq

t t

qq

t t

x t x t y t

y t y t x t t

D

D

d

d

                                   

 and by our main result the solutions of the previous system depending on q 

as follows:- 
Value 
of q 

The solution {X(t),Y(t)} 

1/2 

( ) 2 ln( 1 ) ln( 1) ln( 1 )x t t t t t t= + − + − + + + − +  

3/ 22
( ) 2 ln( 1 ) ln( 1) ln( 1 )

3
ty t t t t t= + + − + − + + − +  

1/4 

( ) ( )3/4 1/4 1/4 1/4

3/2

4
( ) 4 2ln 1 2ln 1

3

2
2 2ln( 1 )

3

x t t t t t

t t t t

= + + − + − +

+ + + + − +

 

( ) ( )

( ) ( ) ( )

7/ 4 5/4 3/4 1/4 1/4 1/44 4 4
( ) 4 2ln 1 2ln 1

7 5 3

2 ln 1 ln 1 ln 1

y t t t t t t t

t t t t

= + + + + − + − +

+ + − + − + + − +
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1/6 

( ) ( )

( )

5/6 1/6 1/6 1/6 5/3

4/3 2/3 1/3 1/3

6 3
( ) 2 6 3ln 1 3ln 1

5 5

3 3
3 3ln 1

4 2

x t t t t t t t

t t t t t

= + + + − + − + +

+ + + + + − +

 

( ) ( )

( ) ( ) ( )

11/6 3/2 7/6 1/6 1/6 5/6

1/6 1/3 1/3 1/3 2/3 2/3

6 2 6 6
( ) 3ln 1 3ln 1 2

11 3 7 5

3
6 ln 1 3 2ln 1 ln 1

2

y t t t t t t t t

t t t t t t t

= + + − + + − + + +

+ + − + + + − + − + + +

 

 

1/8 

( ) ( )

( )

7/8 5/8 3/8 1/8 1/8 1/8

7/4 3/2 5/4 3/4 1/4 1/4

8 8 8
( ) 8 4ln 1 4ln 8 1

7 5 3

4 2 4 4
2 4 4ln 1

7 3 5 3

x t t t t t t t

t t t t t t t t

= + + + + − + − +

+ + + + + + + + − +

 

( ) ( )

( ) ( ) ( )

( ) ( )

11/8 9/8 7/8 1/8 15/8 13/8 1/8

3/8 5/8 1/8 3/4 1/4 1/4

1/4

8 8 8 8 8
( ) 4ln 1 4ln 1

11 9 7 15 13

8 8 4
8 2ln 1 2ln 1 2 ln 1

3 5 3

ln 1 4 ln 1

y t t t t t t t t

t t t t t t t t

t t t

= + + − + + + + − +

+ + + + + − + − + + + − +

− + + + − +

 

1/10 

( )

( )

( )

9/10 7/10 3/10 1/10 1/10

1/10 9/5 8/5 7/5 6/5 4/5 3/5

2/5 1/5 1/5

10 10 10
( ) 2 10 5ln 1

9 7 3

5 5 5 5 5 5
5ln 1

9 8 7 6 4 3

5
5 5ln 1

2

x t t t t t t t

t t t t t t t t

t t t

= + + + + + − +

− + + + + + + + +

+ + + − +

 

( )

( ) ( )

( ) ( )

( )

11/10 9/10 7/10 1/10 3/2 13/10 19/10

1/10 17/10 3/10 1/10

2/5 1/5 1/5 2/5 1/5 1/5 4/5 3/5

2/5 1/5

10 10 10 2 10 10
( ) 5ln 1

11 9 7 3 13 19

10 10
5ln 1 2 10 ln 1

17 3

5 5
ln 2 5 2 ln 2 5 2

4 3

5
4ln 1 5

2

y t t t t t t t t

t t t t t t

t t t t t t t t

t t

= + + − + + + +

+ − + + + + + + − +

− − − + − − + + + + +

+ + − + + 1/5t
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