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ABASTRACT
In this paper, we consider the problem of characterizing the
numerical range of 6 by 6 irreducible matrices which have line segments on
their boundary.
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1. Introduction

Let M» (C) be the algebra of n x n complex matrices. The numerical
range of AeM, is defined by W(A)={x*Ax: xeC" x*x=1}[4], where x* the

adjoint of xe C is defined by x*= ! where X is the component-wise
conjugate, and xT is the transpose of x [4]. As pointed out by many authors,
for2x2 matrices A a complete description of the numerical range W(A) is
well-Known. Namely, W(A) is an ellipse with foci at the eigenvalues Ai,

1
L2 0f A and a minor axis of the length s =(trace(A*A)- |11|2 —|/12|2)2. In [4],

of course, s=0 for normal A, and the ellipse in this case degenerates into a
line segments connecting A:with A2 On the other hand ,for 2x2 matrices
A with coinciding eigenvalues the ellipse W(A) degenerates into a disk.
For3x3 matrix A, this was first done by Kippenhahn. In[6] , his
characterization is based on the factorability of the associated polynomial
Pa(x,y,z)=det(xReA+ylmA+zlz) .This was improved in[5] by expressing the
condition in terms of entries of A, also for 4x4 and 5x5 matrices A, this
was improved in [2] by expressing the conditions in terms of entries of A.
The aim of this paper is to give a sufficient and necessary condition for
numerical range of 6 by 6 matrix with a line segment on its boundary .
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2. Preliminaries
In the following, we give some definitions and results on W(A) that
are useful in this study.

Definition 2.1 [4] A matrix AeMy(C) is said to be irreducible if either n=1
or n2 2 and there does not exist a permutation matrix PeM:n(C) such that

PTAP = [E’ ;} where B, D are nonempty square matrices.

Definition 2.2 [4] A matrix BeMjy(c) such that x*Bx = 0 for all xeC", is
said to be positive semidefinite .

Proposition 2.3 [4] The numerical range of AeM, is always a compact
convex set in C. It contains the spectrum o(A) of A and is equal to the
convex hull of o(A) if A is normal.

Proposition 2.4[4] Let A € Mny(C)
(@) W(A) = W(A)
(b) W(A) = W(U*AU) for any unitary U.
(c) W(LA)= AW(A) for any AeC.
(d) W(LI+A) = x+W(A) for any AeC.
(e) W(A*) ={z:z eW(A).}
() W(ReA)=ReW(A) and W(ImA)=ImW(A). Here ReA= (A*+A)/2 and
ImA= (A*-A)/2i are the real and imaginary part of A respectively.

Proposition 2.5 [4] Let A € Mn(C) and a,b be scalars

(@ W(A) ={A} if and only if A=Al.

(b) W(A) is contained in a straight line of the plane if and only if
A=aB+Dbl for some Hermitian matrix B.In particular in this case A is
normal.

(c) W(A)=0 if and only if A is positive semidefinite.

Proposition 2.6 [4] Suppose that B is a principal submatrix of Ae M(C).
Then W(B) < W(A).

We now relate the numerical range of an n x n matrix to an
algebraic curve of class n. The next proposition indicates how the
characteristic polynomial of some pencil associated with the matrix arises in
this connection.

Proposition 2.7 [7] Let A € My(C). If ax+by +c=0 is a supporting line of
W(A), then det(aReA+bImA+cl,)=0
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It follows from the above proposition that when studying the
numerical range of A it is sensible to consider the algebric curve C(A)
which is dual to the one given by Pa(xReA+yImA+zl,)=0.

Note that Pa(-X,-y,z)=det(zl ,-xReA-yImA) is nothing, but the

characteristic polynomial of the pencil xReA+yImA. It is easily to see that
Pa is @a homogenous polynomial of degree n with real coefficients. Thus, in
particular, the curve C(A) is of class n and has n real eigenvalues of A.

Proposition 2.8 [7] If the eigenvalues of the n x n matrix A are aj+ib; ,
j=1,...,n where the aj and bj are real, then the real foci of the algebraic curve
C(A) are exactly the points (a;,bj) , j=1,...,n.

Note that the proposition (2.7 together with the duality, implied that
any supporting line of W(A) is tangent to C(A). The following proposition
gives a more precise relation between W(A) and C(A).

Proposition 2.9 [6] If Aisan x n matrix, then its numerical range W(A) is
the convex hull of the real points of the curve C(A).

The real part of the curve C(A) in the complex plane namely the
set{a+ibeC : a,beR and ax+by+z=0 is tangent to Pa(X,y,z)=0}, will be
denoted by Cr(A) and is called the Kippenhahn curve of A.

3. Line segments of the Boundary of Numerical Range

In the following we will restrict ourselves to the irreducible matrix
The next theorem gives conditions for the numerical range to have a line
segments on its boundary .

Theorem 3.1 Let A be an irreducible matrix. Then the following statements
are equivalent:
(@) W(A) has a line segments on its boundary.
(b) 0< rank(uReA+vimA+wls) < 4 for some real numbers u,v
and w.( u and v not both zero).
(c) uReA+vImA has a multiple eigenvalue for some real u and v
which are not both zero.

Proof: W(A) has a line segments on the boundary of Cr(A) has a double or
triple or quadripartite or tangent ux+vy+w=0 (u and v not both zero) . This
corresponds to a root w of the equation det(uReA+vimA+zls)=0 with
multiplicity 2 or 3 or 4 or 5, which is the same as saying that
uUReA+vImA+zle has rank 4 or 3 or 2 or 1. This proves the equivalence of
(@) and (b).
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(b)= (c) : Suppose (b) holds then —w is an eigenvalue of uReA+vImA with
multiplicity 5, and we get double or triple or quadripartite or tangent .Thus
(b) implies (c). To prove (c)= (b), assume that —w is a multiple eigenvalue
of uReA+vImA.If —w is of multiplicity 6 , then the Hermition uReA+vImA
would be a scalar matrix. In this case, ReA and ImA would commute and
hence A would be normal, contradicting the irreduciblity of A. Thus (c)
impies (b).

Corollary 3.2 Le A be an irreducible matrix and unitary similar to real
matrix. Then W(A) has a line segments on its boundary if and only if ReA
has a multiple eigenvalue.

Proof: If A is a real matrix. Then W(A) is symmetric about the real axis.
Hence the line segment of the boundary of W(A) must be a vertical line, by
theorem(3.1) the matrix 1.ReA+0.ImA=ReA has a multiple eigenvalue.

We begin by deriving a canonical form for an irreducible form for an
irreducible 6 x 6 matrix with a line segment on the boundary of it is
numerical range, if W(A) has a line segment on its boundary . After
rotation,Shifting, and multiplication by a positive number, we may assume
that a line segment stretches from 0 to i. Since W(A) is convex, it must be
contained entirely in the right or left half-plane. Applying yet another
rotation and translation, if necessary we may assume that W(A) is in the
right half-plane. By theorem(3.1) we have rankA=1 or 2 or 3. Therefore we
will discus these two cases, respectively.

Theorem 3.3 Let A be an irreducible matrix. Then W(A) has a line segment
extending from 0 to i on its boundary and rankA=1 if and only if A may be

I 0 0 0 0 -
0 0 0 0 0 -o
written in the form A= 0 0 0 0 1 % ,where
0 0 0 e e —e3
0 0 &g € e3 -—-e4
c1 () e e3 €4 —6€p |

C1,C2,2,e3,e4,and real part of es are positive and ey,e2 e3 €[0,1] .

Proof: Since W(A) is contained in the closed right half —plane, ReA is
positive semi definite. By assumption, kerReA is 5-dimensional subspace,
we may represent the line transformation of A restricted to kerReA,
Averrea =A by @5 x 5 matrix. By choosing a proper basis for A, A'is the
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leading principal submatrix of A. since 0 and i are in W(A), there exists unit
vectors x1,X2eC® such that <Axi,xi>=i and <Axzx>>=0. It is clear that
x1,X2ekerReA, since ReA>0 and < (ReA)x;,x;>=0, j=1,2. It follows that the
line segment [0, i],is contained in W(A"). Also W(A")c W(A) . since
AkerRe » =A’", we have Re A’=0 and ReW(A")=W(Re A")={0}. We thus get

W( A")=[0,i]. This implies that A"is normal with eigenvalues 0 and i so

i 00 0 0 00 v |

600 0 o0 0 0 0 0 0 v

with proper basisA'=|g o o o e and A= 0 0 0 07 ¢ e
000 g ¢ b0 b2l

00 e e, e 1 "2 "3 *4

[C1 €2 € €3 €4 €g |

where e1,e», e3€[0,i] are pure imaginary.

Since ReA is positive semi definite, a calculation shows that:

0 0 0 0 0 v,+¢ |

0 0 0 0 0 v, +C,

SReA= 0 0 0 0 e +6, %+Q’
0 0 0 e+6 e +6 €+§¢,

0 0 e,+€ e,+€ e+€ e +6

G+V C,+V, e, +8 e+8 e,+8& 2Reg|

And therefore Rees>0,v, =-C,v, =-C,,e, =—€;,6, =—€,ande, = —&
Moreover, Rees must be positive, because rankReA=1.By a diagonal unitary
similarity, we may assume that c1,Cz,€2,63, €4 are non-negative. If one of
them is O, then A is reducible, so c1,C2,e2,e3, €4 are positive. Now suppose
that A is in the form expressed in the theorem. Consider the principal
submatrix A" from the first five rows and columns of A, W(A") is a line
segment from 0 to i . clearly, W( A")c W(A). But since ReA is positive
semidefinite, W(A) lies entirely in the right half-plane. So the line segment
from 0 to i must be on the boundary of W(A). To see that the line segment
does not go beyond o or i, note that any point o on that line must be pure
imaginary. So if
a=<AX,x>=<(ReA)x,x>+i<(ImA)x,x>, then <(ReA)x,x>=0.

Hence
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xekerReA=span{[1,0,0,0,0,0]",[0,1,0,0,0,0],[0,0,1,0,0,0]".[0,0,0,1,0,0]"
,[0,0,0,0,1,0]T} If ||X|| = 1, then X:[V]_,VZ,VB,V4,V5,O]T

with v)° +V|* + V| +]v,[ +|vs| =1,and
0<({(Im A)x, X)= |v1|2 +|el||v3|2 +|e2||v4|2 + |e5||v5|2 <
i v |+ V| <2

Theorem 3.4 Let A be an irreducible matrix written in the form

h Py Mg Py Pis Mg | [k 0 0 0 0 0]
hp hy hyz hyg hays hag 0 kp 0 0 0 0
A=|M3 N2z M3 Ny hgg hgg| 1O 0 kg O 0 0
Mg hpg Nh3g Ny hys hyg 0 0 0 kg 0 0
Ms Nos Mg Ngs M5 hgg | | O 0 0 0 kg O
M6 N6 M3g Mg Nsg Mg | [0 0 0 0 0 Kg|

wherekq, ko,k3,kg,Kks, kg aredlstlnct Then W(A) has a line segment on its
boundary if and only if

h,ch h h
h6(ka —k5) + h_(k6— kd) + ha(k5—k6) = (ka4 — k5)(—2-26) 1 (k  —Kk4)( 3 3545, | (k5 K6)( 3 3656y (3
5 hys h3g h3g

hqgh h,,h h,eh
hg (k3-ka)+h 4 (k6-k3)+hq (ka-k6)=(k3-ka)(—0-34) 4 (k6-k3)(~24-30) 4 (ka-ke)(-40-48)  (3.2)
hyg hy3 hys

h,eh h,,h hoqh
hg (k2-k3) +h3(k6-k2) +h2(k3-k6)=(k2-k3)( ZhG —26723) | (kpk2)( 2:'3426) (k3 k6)(%) (3.3)
23

hach h, zh hezh
hy (K5—K ) +he (K s —ks )-+h6(ky —kB)=(k5—k ) (248 (k k) (2819 ) 4 (K, -k )(2826)  (34)
1(kS-kg)+hg(kg—kq)+h6(ky 6 67kt 17Ks
hag N5g hog

hy2ha6h1g: Mahashig: Mahghie: Mshsenye: Nashsghyg s achag’ N24h35N 26 No3hashog,

hoshaghog: Naghsghag are real with M12M13N14M5N16" 23" 24" 251 261 34N 35 . Masfagn, * O (39)
Proof: suppose rank B=rank(u ReA+v Im A+w lg)=1, since the eigenvalues
of Im A are all distinct, it is possible only when u is non zero. With-out loss

of generality we may assume that u=1. To simplify further calculations,
rewrite B in the form
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[ hy o+ vky +w hys hy3 hyg

Ay iy + VK +W hos hog

B=| M3 ha3 hy +vkg+w  hgy
h14 h24 h34 h4 +vk'4 +w

M5 hos h3s Nys

LTS hag h3g hye

hys

hse

ﬁ5 +VKg +W  hgg

w

Where W =w+h6+vkg , hf =hj —h6 , ki =kj —kg (i=1, 2, 3, 4,5), since

by assumption rank(B)=1, then

2 34 s eh23hoa hoshog hgg hgshag hashsehse # 0and

W N M Ng N3 Mg
hsg hg +vkg +W' hig Nyg  hag  hyg
w  hgg N6 hse N Mg

hgg g5 Ny +vky+wW' hgy  hyy hyy
W hsg Mg hge hos _Me

hgg h'g5 N'zg hytvkg+w'  hys  hys

’

W

hog  h'os hgg Nz Npdvky+w'  hy,

W hsg  Ngg  Mgg Mg Mg
Mg Ni1g N1g Nz hpp Mp+vkp+w

hsg  Nyg  Nag hag he

Solving (3.6), (3.7), (3.8), (3.9) and (3.10) with respect to v , w we find

that

hys h3s hos his hig

hoa

hag

h

he h y Y n h h h h
o 0 a6 _Msphse NS6hos MseNie  MeMae _ NogMae _ Nag M6 _ NasMse
45

_PhseMme  Naghoe  MagNas N3 Mse  MasMe  MoeMae _ MoeMas _ MoeMse

hi3 hog ha4 has hyo

N1ghoe  Nighas  hyghys  N16Mse

h'a3

h'24

h'o5

h1o h'13 h14 his

and
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UTRUT 1 Mg hyy 1 hyg hyg 1 hyg hyy
Ve (B e (B a2 (B = (2R
ki Nsg K hyg ki hgg Ky hog
1 g hog 1 hoyhog 1 hyghog 1 Mg hog
= (B, )= (P = (B w)= (2 w)
Ky hgg Ky Ny ky hgg Ky g
1 hgg hgg 1 h3q 3 1 Nog hag 1 hgghyg
= (B )= (R wy = (BB wy = by -
K3 g K3 g Ky o K3 g
1 hys hyg L YRUTS 1 Nyg oy 1 Nyghyy
= (B W)= ()= (P )= (o w)
Ky g Ky g Ky o Ky g
1 hyg hS6 1 hgg hag 1 hgghog 1 Ngg hyg
=—( —hg —w) = (0 W)= (2w b W) .. (312)
ks  hye K's  hgg K's  hog kg Mg
h56 h46

For convenience, let w' = A in the remaining proof, since
45
hp2 h3ha s meh23hog hoshoe g hgshize hashaghse = 0andw'is  real,

the equality (3.11)yields, (3.5) and (3.6) from (3.12) we have
Nyshse  NsgNge g5 hge  Nog g )

e : hs) = K's ..(3.13)
46 45 56 45
h,ch hes O hor h hes O
(45lae _Mselas )\ MasPas Msefae ) o1
hsg hys hsg hys
hog h hes h hoc h hee h
(o Meelas )y M5 PseMas oy oo
hsg hys 56 45
hew Noe  Peg hehos hesh
loss MseMas .y o Mstie Dselas o g

hag 45 56 45

It is easy to check that (3.1),(3.2), (3.3), (3.4) and (3.5) follow from
(3.13),(3.14) and (3.15) and (3.16).
To prove the converse assume that (3.1),(3.2), (3.3), (3.4), (3.5)

hsg Nge :
hold,w'zh— by (3.1),(3.2), (3.3), (3.4) and (3.5 we obtain
45
(3.13),(3.14) ,(3.15) and (3.16) where hi=hj—hg , ki =kj—kg
i=(1,2,3,4,5),moreover we set

96



The Numerical Range of...

hiz h hoe h hae h
:i,( 15 16_W,_hi):i,( 25 26_W,_h,2):i(( 35 "36 —w - hy)
k1 s ky  hsg k3 hsg
he h he h
- L (56 )= (256 hg) (3.17)
kKa  Msp ST
By taking , _ hB,? hs and (3.17) , we conclude that (3.6),(3.7),(3.8),(3.9) and
45
(3.10) hold.

Finally, choose u =1, w=WwW —hg —Vvk6, then u ReA+v Im A+w ls

is in the form (M) and has rank 1, hence by theorem (3.1) W(A) has a line
segment on its boundary.
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