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ABSTRACT

The purpose of this paper is to study a new class of rings R in which,
foreacha € R, a" € a"R a? R, for some positive integer n. Such rings are
called sm-weakly regular rings and give some of their basic properties as
well as the relation between sm-weakly regular rings, strongly m-regular
rings and division rings.
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1. Introduction
Throughout this paper, R is an associative ring with identity. A ring

R is said to be right (left) s-weakly regular if for each a € R, a € aRa’R (a

e Ra?Ra). This concept was introduced by V. Gupta [5] and W. B.
Vasantha Kandasamy [9]. Recall that:

(1) Anideal 1 of aring R is a right pure, if for every a < I, there exists b € |
such that a = ab. (2) R is called reduced if R has no nonzero nilpotent
element. (3) For any element a in R, the right annihilator of a is
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r@ = {x € R: ax = 0} and likewise for the left annihilator {(a). (4)
According to Cohn [3], a ring R is called reversible if ab = 0 implies ba = 0
for a, b € R.. It is easy to see that R is reversible if and only if right (left)
annihilator of a in R is a two-sided ideal [3]. (5) Following [4], aring R is a
right (left) weakly n-regularif a" ea"Ra"R(a"e Ra"Ra"), for every
a € R and a positive integer n.

2. sm-Weakly Regular Rings

In this section we introduce a new generalization of s-weakly
regular rings which is called st-weakly regular, and is denoted by stWR-
rings. We give some of its basic properties, as well as a connection between
s-weakly regular rings and stWR-rings.

Definition 2.1:

An element b of a ring R is said to be sw-weakly regular if there
exists a positive integer nand ¢, d e Rsuchthatb"=b"c b*"d.

Aring R is said to be right(left) sk-weakly regular, if for each a € R,
there exists a positive integer n, n = n(a), depending on such that

a"ea"Ra""R(@"eRa*Ra").

A ring R is called st-weakly regular if it is both right and left sn-
weakly regular.

Remark:
From now on, stWR-rings mean right sm-weakly regular rings
unless other stated.

Example (1):
a o0 .
Let R= {0 bj ‘a,beR and a,b=0 } , Where R is the
set of all real numbers. Then, R is stWR-rings, since for any positive
integer n
n 1 0
a 0) (a 0)'(1 0)[a® 0)]a”
0 b) (0 b)lo 1)lo0 b2 1
0 =
b

Obviously every s-weakly regular ring is stWR-rings, however the
converse is not true in general as the following example shows.
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Example (2):

Let Z4 be the ring of integers modulo 4. Then, Zs4 is stWR-rings, but
it is not s-weakly regular.

We now consider a necessary and sufficient condition for stWR-
rings to be s-weakly regular.

Theorem 2.2:

Let R be aring. If r(@") c r(a) and a"R = aR, for every a € R and a
positive integer n. Then, every stWR-rings is s-weakly regular.
Proof:

Let R be stWR-ring. Then, for every a € R, there exists a positive
integer n such that a"=a"ba*' ¢, forsomeb, c € R. But,a*c=a" (a"c)
e a’R =aRand a"c € a'R = aR. Therefore, a*"¢ = a*d, for some d € R.
Now, we obtain a"=a"b a®d. This implies that a"( 1-b a®d) = 0 and
hence 1-b a*d e r(a") < r(a). Therefore, 1-b a®d e r(a). Whence it follows
that a =ab a’d and hence R is s-weakly regular. ¢

Theorem 2.3:

Let R be a right duo, stWR-ring, then for all a € R, there exists a
positive integer n such that the principal ideal a"R is idempotent.
Proof:

Assume that R is stWR-ring. Let | be a right ideal of R such that | =
a"R with a € R, and a positive integer n, clearly 1? < 1. On the other hand,
sincel=a"R, 1eRand a" € I. But R is stWR-ring, thena"=a"b a*"c, for
some b, ¢ € R and R is a right duo ring, then b a* =a?"x, for some x € R,
soa"=a" a*xc. If wesety =xc, thena"=a" a®y. Now,a" e land a"=
a" a’y=a"a" ze 1*(@*y=a" a"y =a" z). Therefore, | — 1*. Hence
12=1. o

Proposition 2.4:

If R is a ring in which a"=a®", for every a € R, then R is stWR-
ring.
Proof:

It is obvious; since R is a ring with identity as for every a € R and a
positive integer n, we havea" € a"Ra*"R(a"=a"1a*"1).

Theorem 2.5:
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Let R be aring without divisors of zero. The ring R is stWR-ring if
and only if a®®=1orba®c=1ora?c =1, for every a € R and a positive
integer n.

Proof:

Given R is a ring with identity; which has no proper divisors of zero.
Now, let us assume that R is stWR-ring; to prove a*" =1 or b a*" ¢ =1, for
every a € R and a positive integer n. Given R is stWR-ring, hence a" e
a"R a®"R for every a € R and a positive integer n. Thus, a"=a"b a?"c, for
every a € R; if b = ¢ = 1, then we have a"= a®. This implies that
a"(1-a®) =0, but R has no zero divisors; hence a*’=1.If b= 1, ¢ # 1;
then a"= a"b a® ¢ implies that a" (1- b a*"¢) = 0, since R has no zero
divisors, thenb a®'c=1. Ifb=1and c # 1, then a"= a"a* ¢ implies that
a"(1-a*"c)=0,thena®c=1.

Conversely, if a*"=1, for every a € R, then 1- a®" =0 implies that
a"=a* anda"=a"1a*" 1. Therefore, R is stWR-ring. Now, if 1-ba®*'c
=0ora®c=1, we get immediately R to be stWR-ring using the fact that R
has no zero divisors.

We recall the following result of [7].

Lemma 2.6:
Let R be a reduced ring. Then, for every acR and a positive integer n,
(1) r@)=C(")
(2) r@)cr()
@) t@)ct(a

Theorem 2.7:

Let R be a reduced ring and let | =R a®"R. Then, R is stWR-ring if
and only if r(@") is a direct summand for every ae R and a positive integer n.
Proof:

Assume that R is stWR-ring, then for every a € R, there exists
a positive integer n such that a"= a"t; a®"t, for some t1, t € R. So,
(1- t1 a®"t2) e r(@"). Therefore, 1 = t; a®"t2 + (1- 1 a®"tz). Hence, R = R
a’" R +r@"). Now, let b e Ra*R nr(@") impliesa”b=0and a"bt=0,
forallt e R,sobter@)==0(a"y=¢(a*). Then,bta® =0and bta*"c=
0 implies b (t a*"c) = b?= 0. Since R is reduced, then b = 0. Therefore,
Ra* R nr(a" =0. Thus, r(a") is a direct summand.

Conversely, assume that r(a") is a direct summand for every a € R and

positive integer n. Then, Ra*" R +r@") =Rand 1=t a”"t2+ d, with t;, t>
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e Rand d € r(@@") . Multiplying by a" we obtain, a"=a"t; a®"t, + a" d, so
a"=a"t; a®to. Whence R is stWR-ring. ¢

Lemma 2.8:

If R is a semi-prime reversible ring, then R is reduced.
Proof:

See [6, Lemma 2.7]. ¢

Proposition 2.9:

If R is asemi-prime reversible ring and every maximal right ideal of
R is a right annihilator, then R is stWR-ring.
Proof:

Leta € R, we shall prove that R a®" R + r(a") = R, for some positive
integer n. If not, there exists a maximal right ideal M of R containing R
a*"R +r@". If M =r(b), forsome 0#b e R,wehaveb e ¢ (Ra*"R +
r@@") < £ (a") [8]. Since R is semi-prime and reversible ring, then by
Lemma 2.8, R is reduced. Therefore, by Lemma 2.6(1), b € r(@"), which
implies that b € M = r(b), then b?= 0 and hence b = 0, a contradiction.
Therefore, R a®"R + r(a") = R. In particular, ¢ a®d + x =1, for some ¢, d
e Rand x e r(@"), thena"=a"ca®d . Whence R is sStWR-ring. ¢

3. The Relation Between stWR-rings and Other Rings

In this section, we consider the connection between stWR-rings,
strongly m-regular rings and division rings.

We start this section with the following definition.

Definition 3.1:

A ring R is called strongly =-regular [1] if for every a € R, there
exists a positive integer n, depending on a and an element b € R such that
a" = a""b. Or equivalently R is strongly m-regular if and only if
a"R =a”" R [8]. It is easy to see that R is strongly n-regular if and only if
Ra"=Ra™".

Recall that R is weakly right duo (briefly, WRD) [2] if for any a €
R, there exists a positive integer n such thata”"R =R a"R.

Theorem 3.2:

Let R be WRD. Then, R is strongly =-regular if and only if R is
stWR-ring.
Proof:

Assume that R is strongly =-regular, then for every a € R, there
exists a positive integer n such that a”R = a*" R. Now,
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a"R=a*"R (R is strongly r-regular)

=a"a"R

=za"(Ra"R) (RisWRD;a"R=Ra"R)

= a"Ra"R

= a"R(@*"R) (R is strongly rn-regular; a"R =a*" R)
=a"Ra”"R

Therefore, R is stWR-ring.

Conversely, assume that R is stWR-ring. Then, a"R = a"R a*"R,
for some positive integer m. Sine R is WRD, then a" R = R a" R, for some
positive integer n. Now,
a”R=a"a"R

=a"Ra"R
=(Ra"R)a"R
=Ra"a"R
=Ra”R
So,a*"R =R a*"R, for some positive integer k  ...(1)
a®"R=a"a"R
=a" (@"Ra’"R) (R isstWR-ring)

=a’"Ra’"R
In particular, a*"R =a*"R a*"R .2
Now,
a™Ra™R=a™(Ra™R)

:amn (amn R)

:aZmnR
a™Ra™R=a™R@™Ra™R)

- amnRamn (amn R)

- a‘mnRaZmnR

= a™R (RisstWR-ring)
Therefore, a*™R = a™R, set mn=1. Thus, a?R = a'R. So, R is
strongly m-regular. ¢

Corollary 3.3:
Let R be a WRD and stWR-ring. Then, R is wt-regular.

Theorem 3.4:

Let R be a WRD ring. If R is stWR-ring with r(@") = 0, for every a
€ R and a positive integer n. Then, R is a division ring.
Proof:
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Let R be stWR-ring. Then, by Theorem 3.2, R is strongly m-regular.
Therefore, a"R = a?" R, forevery a € Rand a positive integer n. Then,
a"=a?" b, forsome b € R and hence 1-a" b e r(a") = 0 implies that 1 =a" b
e a"R. Thus, a" R = R (right invertible). Now, since a" x = 1, we have
a" x a" = a", which implies that (1- x a") € r(a") = 0. Therefore, 1- x a" = 0,
whence x a" = 1, so R a" = R. Whence R is a division ring. ¢

Proposition 3.5:
Let R be a commutative ring. If x is not nilpotent and right sz-
weakly regular element, then x"is invertible in R.

Proof:

Assume that x is a right st-weakly regular element, there exists b, ¢
€ R and a positive integer n such that x" =x" b x?"c. Then, x" (1- b x*"c)
= 0. Since x is not nilpotent element, then x"= 0. Therefore, 1- b x*"¢ =0
(x"#0). So, 1 =b x?"c implies that x?"is invertible. ¢

Theorem 3.6:

Let R be a reduced ring with every essential right ideal is pure. Then,
R is stWR-ring.
Proof:

Leta e Rand I =R a*"R + r(a"). We claim that | is an essential
right ideal of R. Suppose this is not true, there exists a nonzero ideal K of R
such that I » K = (0). Then, (Ra*"R) K< IK c I n K = (0). Since a*"R ¢
Ra”R,thena® R N K=(0). But, @*R) Kca* R n K= (0) implies K =
(0).This contradiction proves that | is an essential right ideal, that is | is
pure. Since a € I, there exists b e | such that a = ab. In particular, b =
ca®d+h, forsomec,d € Rand h e r(@"). Therefore, a"=a"b =a"ca?d
+a"h=a"ca”d. Whence R is sStWR-ring. ¢
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