Raf. J. of Comp. & Math’s. , Vol. 7, No. 1, 2010

The n-Hosoya Polynomials of Some Classes of Thorn Graphs

Ali A. Ali Ahmed M. Ali
aliazizalil933@yahoo.com  ahmedgraph@uomosul.edu.ig
College of Computer Sciences and Mathematics
University of Mosul

Received on:30/12/2008 Accepted on:17/3/2009

ABSTRACT

The n-Hosoya Polynomials of cog-complete graphs , thorn cog-
complete graphs , cog-stars , thorn cog-stars , cog-wheels , and thorn cog-
wheels are obtained . The n-Wiener indices of these graphs are also
determined .

Keywords: cog-graph, thorn graph , n-distance , n-Hosoya polynomial ,n-
Wiener index.
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1. Introduction:

We follow the terminology of [3],[4]. Let v be a vertex of a
connected graph G, and let S be an (n-1)-subset of V(G), n>2, then the
n-distance d,(v,S) is defined by [1]

d,(v,S)=min{d(v,u):ueS}. ...(L.1)
The n-diameter of G is defined by
diam,G = max{d,(v,S):veV(G),[S|=n-1,S =V(G)}. ...(1.2)

The n-Wiener index of G is defined by
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W, (G)= D dy(v.S). ...(1.3)

(vS)
The n-Hosoya polynomial of connected graph G of order p is defined by

5n
Ha(G3x) = Co(G kX, ..(14)
k=0

where 3<n<p, &, is the n-diameter of G , and C,(Gk) is the number of
order pairs (v,5),veV(G),S cV(G),S|=n-1,such that d,(v,S)=k.

One can easily show that [1].

C,.(G0)= p(:__g L C.(G1)= p(:__llj—ve;z)(p_i:fegvj. ...(L5)
The n-Hosoya polynomial of a vertex vin G, denoted by H,(v,G;x), is
defined [1] by

Hn(v,G;x):ZCn(v,G,k)xk, ...(1.6)

k>0
where C,(v,G,k) is the number of (n-1)-subsets of vertices S such that
d,(v,S)=k. Itis clear that foreach k , 0<k<s,,

Co(Gk)= D Co(v,G k), (L7)
veV(G)
and
Ha(Gix)= > Hy(v.Gix), ..(1.8)
veV(G)

The following simple lemma is useful for obtaining C,(v,G,k) for every
vertex v of a connected graph G .

Lemma 1.1: [2] Let t be the number of vertices of ordinary distance k from
vertex v, and let s be the number of vertices of distance more than k from v
in a connected graph G . Then

Cn(v,G,k):(SHJ—( ° J (1.9)

n-1 n-1
for veV(G),2<n<p,0<k<s,. N

Let T be a non-empty subset of vertices of G . We define

Co(T.G k) =D Ch(v,G k). ..(1.10)

veTl

We shall use this notation in our proofs.
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In this paper , we obtain n-Hosoya polynomials and n-Wiener
indices of some classes of graphs that are not considered in the published
research papers up to date as far as we know.

2. Thorn Cog-Complete Graphs:

The n-Hosoya polynomial will be obtained first for a cog-complete
graph that is defined as follows.
Definition 2.1: A cog-complete graph K, is the graph constructed from a
complete graph K,,,m>3 , of vertex set {v;,v,, ... ,v,}with m additional
vertices u, ,u,, ... ,u,, and 2m edges {uv;,uv,,:i=1,2, ... .m}, (Vo =V;) ,
as shown in Fig. 2.1.

Fig. 2.1. K¢

Itis clear that p(K:)=2m, q(Kg) :%m(m+3), and for m>4, diamk¢ =3.

Moreover
3,if 2<n<m-2 ,m>4

diam, K5, =42 ,if m-1<n<2m-2,
1,if 2m-1<n<2m.

Proposition 2.2: For m>3, 3<n<2m, we have
c. 2m-1 S c k
Hn(Km,x)_Zm[ n_2J+;cn(Km,k)x :
where
s e (g
Ch(KnD) =2m -m + )
n-1 n-1 n-1
Cn(Kr%,Z)=mH2m_3j+[m_3ﬂ,
n-1 n-2
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C,(KE 3) = m(m_g}

n-1

Proof: The coefficients C,(K:,0) and C,(KS.1) are obtained from (1.5).
The coefficient C,(K:,3) is obtained by taking v=u; ,1<i<m,and the (n-1)-
subset S from the m-3 vertices u;,j=i-1,i,i+1. Then , C (K7.2) is

obtained from the fact » C,(G k)= p(r'?__ll] . ..(2.1)

k>1
|
The n-Wiener index of K¢ is given by

. [ (2m—1J (2m—3j (m—zj (m—sﬂ

W, (Kp)=m[2 + + + .
n-1 n-1 n-1 n-1

From Proposition 2.2 , we get the next corollary.
Corollary2.3: The Hosoya polynomial and the Wiener index of K&, m>3,
are given by:
H(KE;x) =2m +%m(m +3)x+m(m-1)x2 +%m(m -3)x3.
And
W (KF)=m(4m-5).

Now , we define a thorn cog- complete graph and find its n-Hosoya
polynomial.
Definition 2.4: A thorn cog-complete graph , denoted by K¢, is the cog-
complete graph K¢, m>3 constructed in Definition 2.1 , with 2m additional
endvertices w, ,\w, ,...,Ww,,, and edges {u;wy_;,u;wy; :i=1,2,..,m}, as shown in
Fig. 2.2.

Wzm—1W2m W, w,

84



The n-Hosoya Polynomials of Some Classes of Thorn Graphs

It is clear that p(K;;*)=4m,q(Kﬁj):%m(mn), and, diamK¢"

The n-diameter is as given below:
5,if 2<n<2m-5, m>4
4.,if 2Zm-4<n<3m-4 ,

diam K& =43, if 3m-3<n<4m-4 ,
2,if 4m-3<n<4m-1,
1,if n=4m .

The n-Hosoya polynomial of K¢ is given in the next theorem.
Theorem 2.4: The n-Hosoya polynomial of K&, m>3,3<n<4m is given by

5
H, (KE:x) = 4m( 1J+ZCH(K;*,k)xk,
=2 k=1

where

Co(KE D) = 4m(4:1 f) Kgm 2} [4:__15}2(4:_—12]]

o [3m ZJ (3m 5} [4m - 5} [Zm - 4]} [4m -2
Cn(Km ,2):m — +2m
n-1 n-1 n-1 n-1

" 4m—5 2m-— 4 3m-5 2m-6
Cn(Kfn 3)=m 2 - )
n-1 n-1 n-1 n-1
C* 3m_5 2m—6
Co(Kiy 4)=m| 2 - ,
n-1 n-1

C.(KS'5) = 2m[2m_6j.
n-1

Proof: Using (1.5) we get C,(K& 1) as given in (2.2).

=5, for m>4.

(2.2)

)

(23)

(2.4)

.(2.5)

(2.6)

We partition the vertex set of K& into three subsets W , U , and V, where

W={w, W,, ... Wor,}, U={u;,u,, ... u,},andVv={v;,v,, ..

From Fig 2.2., for k = 2, 3,4, 5, one can easily notice that:
C,(W,KE k) =2mC,(w,KS k), for any vertex w, ew ,
C,(U,KE k) =mC, (u;,KS k), for any vertex u; eU ,

and
C,(V, K& k) =mC, (v;,KS k), for any vertex v, eV .

Thus , we have three cases for the values of k .

Case(1): k =3. There are m vertices , namely u,;v;.,v,, ...

Vi1 Vim

Vm }-

;up,, of

distance 3 from w, ; and there are (3m-5) vertices of distance more than 3

from w, . Therefore , by Lemma 1.1,
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* 4m -5 3m-5
Co(wy, K5 ,3) = - . (27
n(l m ) [n—l] (n—l] ( )
Also , there are (m+1) vertices , namely w;,w, ;uz,Us, .o Up o Ung s Wom g

W, , Of distance 3 from u, ; and there are (2m-6) vertices of distance more
than 3 from u, . Therefore

* 3m-5 2m-6
KS3) = - : (2.
otk =P 28)
Finally , there are (2m-4) vertices , namely w; ,w,, ... W 3, Wom 5,

of distance 3 from v,; and there is no vertex of distance more than 3 from
v;. Hence
oo [ 2M—4
Co(vy, K ,3)_( - ] ..(2.9)
Thus from (2.7) , (2.8) , and (2.9) we get (2.4).

Case(2): k =4. There are (m+1) vertices , namely w;,w,;uz,u;, ... Uy 5,

Up_q s Wom 1 ,Wo, , OF distance 4 from w,; and there are (2m-6) vertices of
distance more than 4 from w, . Therefore , by Lemma 1.1,

o o [(3M=5) (2m-6
cum 9= E) {2 8). 10
Also , there are (2m-6) vertices , namely wg,wg, ... Wy 3, Wy p, OF

distance 4 from u,;; and no vertex of distance more than 4 from u,.
Therefore

Cn(ul-Kr%*A):[z:]__lGj- (211)

Finally , there is no vertex of distance more than 4 from any vertex of V.
Thus , from (2.10) and (2.11) we obtain (2.5).

Case(3): k =5. There are (2m-6) vertices , namely wg W, ... ,Wypn 3, Wor 2,
of distance 5 from w, ; and no vertex of distance more than 5 from w; .

Also , there is no vertex of distance 5 from any vertex of v uU . Thus we get
(2.6).

From (2.2), (2.4) , (2.5) , (2.6) and using (2.1) we get (2.3).
Hence , the proof is completed . B

Corollary 2.5: The n-Wiener index of K&, m>3 , 3<n <4m is given by

o (4m —1J [[4m - sJ (Bm - 5J (Zm - GH
W, (K )=4m +3m + +
n-1 n-1 n-1 n-1
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A )

Corollary 2.6: The Hosoya polynomial of K&, m >3 is given by

H(K,‘,’f;x):4m+%m(m+7)x+m(m+4)x2+%m(5m—3)x3

+2m(m-1)x* +2m(m-3)x°.
Proof: Whenn =2, we have d,(u' {v')=d,(vV' {u'P=d(u’ V).
Thus H(KE';x) is obtained from Theorem 2.4 , by putting n=2 and dividing
by2. m
Corollary 2.7: The Wiener index of K&, m>3 is given by
W(KE)=m(28m-31). W
3. Thorn Cog-star Graphs:
Definition 3.1: A cog-star graph s;, is the graph constructed from a star
[4], s, , m>4 , of vertex set {v;,v,, ... v, ;.v,}With (m-1) additional

vertices u;,U,, ... Uy .Uy, and edges {uyv,,.uv,:i=1,2,.. ,m-1},
(Vi =V, ) , @S shown in Fig. 3.1.

um—l

Fig. 3.1. s¢

Itis clear that p(s%)=2m-1, q(S5)=3(m-1), diamst =4 for m>5, and
diam,S;, <4.

From Fig.3.1. , we notice that there are (m-3) vertices of distance 3 from u;;
and there are (m-4) vertices of distance more than 3 from u;, for
i=1,2, ... ,m—1. Thus by Lemma 1.1,

cn(ui,sni,s)=(2:__17]—(::14J, i—1,2, .. .m-1. (3.1
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Also , there are (m-3) vertices of distance 3 from v;; and no vertex of
distance more than 3 from v;,i=2,3, ... ,m, thus

¢ [M-3) .
C”(V"Sm’?’)_(n—lj’ i=2,3, ... ,m. ...(3.2)
Thus , from (3.1) , and (3.2) we get
¢y [2MT) (Mm—4
cuszr=m3|[ 77| 63
Moreover
N m-4
Ch(Smi4) =(m 1)[n_1J- ..(3.4)

Using (1.5) , we get

C.(SE.1) = (2m —1)[2:1__11 —(m —1){[2:__3 ; (Z:‘_TH - [r: ) 3 .
..(35)
Thus , from (1.10), (3.3) , (3.4) , and (3.5) , we obtain

¢ oy (| [2M—4) (2m=5) (2m-7) (m-3 m-1
o o G M IEYS
Hence , we have the following theorem :
Theorem 3.1: The n-Hosoya polynomial of S;, m>4, 3<n<2m-1 is

given by

4
Hn<sr°n;x)=(2m—1)[2m‘2j+26n<s:n,k>xk ,
n-2 —

where C,(S5.k), k = 1,2,3,4 are given in (3.5) , (3.6), (3.3) , and (3.4) ,
respectively.

Corollary 3.2: The n-Wiener index of S5, m>4,3<n<2m-1 is given by

. 2m-7) (2m-5) (2m-4) (m-3) (m-4
W"(Sm):(m_l){[ n—lJJ{ n-1 JJ{ n-1 JJ{n—l}r[n—lﬂ'
i)

Definition 3.3: The thorn cog-star s¢ is the graph constructed from the

cog-star S5 , m>4 | of vertex set {v;,V,, ... ,Vy,,U;,Uy, . ,Upg}
(Fig.3.1) with 2(m-1) additional vertices w; ,w,, ... W, 3 ,W,,_,, and
edges {u;w,_; ,u;w,;:i=1,2, ... ,m-1}, asshown in Fig. 3.2.
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Fig. 3.2. s¢”

It is clear that p(S&)=4m-3, q(S5)=5(m-1), diamsS =6 for m>5, and
diam S <6.
In the next theorem , we obtain the n-Hosoya polynomial of S& , m>4.

Theorem 3.4: The n-Hosoya polynomial of S , m>4, 3<n<4m-3 is
given by

6
Hn(Sﬁf;x)=(4m—3)[4m_4J+2Cn(3%*'k)xk ) - (3.7)
n-2) &
where )
cusi-on-o 7ol ) (0 (2 ()
: .(3.8)
X 4m—5 3m-9) (4m-11) (4m-8
R TR oy ey Yo
3m-3) (2m-2)
J{n—lj_(n—lj’ +(39)
o 3m-9) (4m-11) (3m-12) (2m-6 2m-2
conem (L (2 (e )
2o 1)[4:__18J ’ (3.10)
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C, (S 4) = (m —1){(2:1__3 - (2;"__18] - [3: :izﬂ +2(m —1)(4:__111J . ..(3.11)

Ey 3m-12) (2m-8
st o=l {2 (27 e
and
C, (S ,6) = 2(m —1)(2:__3 . .(3.13)

Proof: c,(s:" 1) follows from (1.5). Now we find c, (s k), for k = 3,4,5,6.
From Fig.3.2 , we notice that
2m-2 .
C.(vy, S5 k) = ( n-1 j AP k=3,
0 , otherwise.
Let V={v, V5, .. vV}, U={u;,Uuy, ... Up },and W={w; ,W,, ... Wy ,}.
There are (m-3) vertices of distance 3 from any vertex veV ; for example ;
each of u,,u;, ... ,u,,, Iis of distance 3 from v, ;and there are (2m-6)

vertices of distance more than 3 from v,. Hence , by Lemma 1.1,
cn(vi,s;*,s):[3m_9j—[2m_6J  2<i<m. ...(3.15)

.(3.14)

n-1 n-1

Moreover , there are (m+1) vertices of distance 3 from any vertex ue U;
for example , each of wj,w,;Vv,,Vs, .. ,V Wy 3,Wyn_p IS Of
distance 3 from u,; and there are (3m-12) vertices of distance more than 3
from u,. Hence , by Lemma 1.1,

st a-(1 2 (2
Finally , there are three vertices of distance 3 from any vertex w e W ;
and there are (4m-11) vertices of distance more than 3 from w. Hence , by

Lemmal.l,
" 4dm -8 im-11
cumss -2
n-1 n-1

From (3.14) - (3.17) , we get (3.10).
When k =4, there are (2m-6) vertices , of distance 4 from any vertex ve V;
and there is no vertex of graph s¢& of distance more than 4 from v. Hence

cimsia-|

And there are (m-4) vertices of distance 4 from any vertex ueU ; for
example , each of ug,u, ,us, ... \Uy5,U,, IS Of distance 4 from u,; and

) , 1<i<m-1. ...(3.16)

],1si32m—2. ...(3.17)

Zm‘lﬁj, 2<i<m. .(3.18)
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there are (2m-8) vertices of distance more than 4 from u,. Hence , by

Lemmal.l,
* 3m-12) (2m-8
o5 -
n-1 n-1

Moreover , there are (m+1) vertices of distance 4 from any vertex wew ; for
example , each of wy ,w, ;v, Vs, ... Vy Wy 3, Wy, , IS OF distance 4 from w;;
and there are (3m-12) vertices of distance more than 4 from w,. Hence , by
Lemmall,
Co (W SE° ) [4m —11J ~ (Sm -12
n-1 n-1

Thus , from (3.18) , (3.19) , and (3.20) , we get (3.11).

Now , when k =5, then C,(v;,S5,5) =0 , 2<i<m

Moreover , there are (2m-8) vertices of distance 5 from any vertex ueU ;
and there is no vertex of graph s¢ of distance more than 5 from u. Hence

cinsia-|

],1si3m—1. ...(3.19)

),1sis2m—2. ...(3.20)

2”“18}, 1<i<m-1. .(3.21)

And there are (m-4) vertices of distance 5 from any vertex w e W ; for
example , each of the vertices ug,u, ,us , ... U, 5,Uy, IS Of distance 5 from

w, ; and there are (2m-8) vertices of distance more than 5 from w;, . Hence ,

by Lemma 1.1,
o [3m—12j (2m—8
Cn(Wi’Sm 15) = -
n-1 n-1

Thus , from (3.21) , and (3.22), we get (3.12).

Finally , from Fig.3.2 , we notice that
C,(v,S56)=0,2<i<m,
C,(u;,S56)=0,1<i<m-1,

J , 1<i<2m-2. ...(3.22)

and

" 2m-8
Co(w,, Sy ,6>=[ o

Using (2.1) we obtain , from (3.8) and (3.10) — (3.13) , the value of
C,(S5,2) as givenin (3.9).
This completes the proof . B

J,lgiSZm—Z.

Corollary 3.5: The n-Wiener index of S&°, m>4,3<n<4m-3 is given by

m

o* 4m-4 4m-5) (3m-3) (2m-2
WASmy=Mm—®(n_1]+ﬂm—b(n_1J+(n_1]+(n_1]

2m-8 4m-8 idm-11 3m-12
+%m_1{(n—lJ+(n—1]+[n—l J+(n—1 H
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o (TR .

Corollary 3.6: If s¢ is the thorn cog-star of order 4m-3 , then the Hosoya
polynomial of S¢°, m>4 is given by

H(SE";x) = 4m —3+5(m—1)x+%(m—1)(m +12)X% + (M -1)(m + 33

+%(m—l)(5m—8)x4 L 2(m—1)(m—4)x5 +2(m-1)(m—4)x° .
And, the Wiener index of S¢°, m>4 ,is given by
W (SS") =36m? —114m + 78 . m
4. Thorn Cog-wheel Graphs:

Definition 4.1: A cog-wheel graph w is the graph constructed from a
wheel [4] , W, , m>4 , of order m , with vertex set {v; Vo, ... Vy 1.V},
and with (m-1) additional vertices u,,u,, ... ,u,,.u,,, and edges
{uUiviy UiV, i=1,2, .. . m=1}, (V. =V,) , as shown in Fig. 4.1.

Fig. 4.1. W

It is clear that pWw<.)=2m-1, qWS)=4(m-1), diamwS=4 for m>7, and
diamWw, <4.
From Fig.4.1. , we notice that :

Lm-3) m-6
Cn(ui !Wn'(];l‘?’) = ( H J( i j
,Z-; j n-j-1
=(2m_9j_[m_6]’ i=12, .. .m-1,m>6, ..(41)

n-1 n-1
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Cn(vi,W£,3)=(::15J, i=23, .. .m, m>5, ..(4.2)
Thus , from (4.1) , and (4.2) we get
¢y [2M—9) (M-6
C,(W;S,3) =(m 1){( . )J{n—zﬂ , M>6 . ..(4.3)
Moreover
m-6
Cn(Wnﬁ,4)=(m—1)(n_lJ, m6. ..(4.4)

Using (1.5) , we obtain
c 2m-2 2m-4) (2m-7 m-1
Cn(wm,l):(zm—l)[ - j—(m—l)K - J{ - H—[H_J. ...(4.5)
Finally , from (4.3) , (4.4), (4.5) ,and (2.1) , we get
CHWM&Z):(m_l{ﬁmn—4J+[mn—7j_[Zn—9)_£m—5j}+(m—%]
n-1 n-1 n-1 n-1 n-1
...(4.6)
Hence , we have the following results :

Theorem 4.1: The n-Hosoya polynomial of W;, m>6, 3<n<2m-1 is
given by

c 2m-2
Hn(\Nm;X):(Zm_l)[ 0

4
_2J+ch(wn‘i,k)xk ,
k=1

where c, W<, k), k = 1,2,3,4 are given in (4.5) , (4.6), (4.3) , and (4.4) ,
respectively.

Corollary 4.2: The n-Wiener index of W,;, m>6,3<n<2m-1 is given by
Wn(Wn:):(m_1)[(2m—4}{2m—7j+(2m—9j+(m—5j+£m—aﬂ
n-1 n-1 n-1 n-1 n-1
+(2m—1)£2m_2J+(m_1j. m
n-1 n-1
Remarks (4.1):
(i) For 3<n<7 , we have

o A

(i) For 3<n<9 , we have

. Hn(w;;x>=9(n8_2J+:9[n8_J‘{i&“[:—l}{nilﬂx

S
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Aot

Definition 4.3: The thorn cog-wheel graph w<" is the graph constructed
from the cog- wheel graph w; , m>4 , of vertex set
{Vi Vo, o VpoUpUp, ..Uy} (Fig.4.1) with 2(m-1) additional vertices
Wy Wy, e Wor a3 W o, and edges {uwy 4 ,Ujwy:i=1,2, ... ,m-1} , as
shown in Fig. 4.2.

Fig. 4.2. W&

It is clear that pwS")=4m-3, qW<")=6(m-1), diamw<: =6 for m>7, and
diam W< <6.

Using the procedure followed for obtaining H,(SS"; x), we establish the

next theorem , which determines H,(WS"; x) .

Theorem 4.4: If w¢ is the thorn cog-wheel of order 4m-3 ,m=>6,
3<n<4m-3,then

H, (W™ X) = (4m — 3)(4;”__24j + gcn W™ kX", (3.7

where

Co Wy 1) = (4m - 3)[4? —_14J —(m _1)[2(4:] —_15] i [4: —_18] i (4:__ 19 ﬂ - (3: —_13] ’
(A7)
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oy _ (i 4m-5) (4m-9) (4m-8| (4m-13) (3m-11
CnWn .2)=(m 1){2( n—l}{ n—lj [ n—Zj ( n-1 j ( n-1 H

3m-3) (2m-2
L2 48)
| o(4M—8) (3m-11) (4m-13) (3m-14) (2m-10
e - T ()
2m-2
+( n_1 j ..(4.9)
< N 4m-13) (2m-10| (3m-14) (2m-12
C,WE"4) = (m 1)[2[ " H " J ( n_lj ( " ﬂ (4.10)
ey 3m-14 ~ 2m-12
CrWp 5) =(m l)[Z( n_1 j [ N1 ﬂ ..(4.11)
and
CWE",6) = 2(m —1)[22?_‘112} . (4.12)
|
Remarks (4.2):

(i) For 3<n<13 , we have

oA E AL
AL HE A
[ A M A

(if) For 3<n<17 , we have

s A HEHE
RN RAREAN
BEHAHLHEH
CRARRN AN

Corollary 4.5: The n-Wiener index of w<S, of order 4m-3 m=xs6,
3<n<4m-3 is given by
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- 4dm-4 3m-3 2m-2 4m-9 3m-11

W, (W:") = (4m -3 + + +(m-1 +

L L L R (VR
2m-10 4m-5 4m-8 4m-13 3m-14 2m-12
+ +2 +3 +3 +3 +3 N |
AT AT AT AT

Corollary 4.6: If w¢" is the thorn cog-wheel of order 4m-3 , m>6, then
the Hosoya polynomial of WS is given by

HWy ;) = 4m—3+6(m—1)X+%(m—1)(m +14)x* + (m-1)(m + 6)x°

+g(m —1)(m—2)x* +2(m—1)(m—4)x> + 2(m —1)(m - 6)x° .
Moreover
H W5 x) =13+18x + 24x% + 24x° +12x*,

and
HWE™;x) =17 + 24x+38x% +42x3 + 24x* +8x°. W

Corollary 4.7:

The Wiener index of WS of order 4m-3, m>6, is given by
W (WE") = 2(m —1)(18m — 47) ,

Moreover

WW,")=186 , and W(W<") =362 . [
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