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ABSTRACT

In this paper we study idempotent elements, we give some new
properties of idempotent elements and provide some exam we also study
central idempotent elements and orthogonal idempotent elements and give
some new properties of such idempotent.

Finally we study special ring which satisfies the property x" =x"*
for all x in R and n is a positive integer, we represent such ring in termes of
idempotent and nilpotent elements.
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1. Introduction :
Throughout this paper R denotes an associative rings with identity .
Recall that:
(1)A ring R is said to be reduced if R contains no non zero nilpotent
elements.(2) For any element a of a ring R we define the right annihilator of
ainR by, r(@)={xeR:ax=0 }, and likewise the left annihilator of a.in R

(3) A ring R is regular provided that for every x in R, there exists y in R
such that x = xyx .see[2] (4) An elements e, ,e,0f a ring R is said to be

centeral idempotent elements if ee,=ee, and orthogonal idempotent
elements if e;e, =e,e; = 0.

49



Nazar H. Shuker and Ala'a A. Hammodat

2. Properties of Centeral and Orthogonal Idempotent Elements:
In this section we study centeral and orthogonal idempotent elements

and give some basic properties. Also we study special ring which satisfies
the relation x" = x"™, x € R, n is a positive integer .

Proposition2-1: If e e,are centeral idempotent elements of R, with
r(e, +e,)=0 ,then (1-¢,),(1—e,)are orthogonal idempotent elements.

Proof:

Consider (e, +e,)(L—6, —€, +€,6,)= € —€ —€,8,+6,6, +€, —€,8, —€, +€,6,8, =0,
implies  (1-e —e, +ee,)er(e, +e,)= 0 , and e (-e,)=(-e,) Therefore
(1-e)@—e,)=0. [

If e,,e,are idempotent elements, then e;e, need not to be idempotent
as the following example shows.

Example: let R(z,)be the ring of all 2x2 matrices over the ring z, (the
ring of integers modulo 2) which are strictly upper triangular.Then the only
idempotent matrices of R(Z,) are:

1 ol[o o][1 1][0 1][1 o]0 O
0 1|0 of|0 of|0 1[|0 0]|0 1
Now, F OHO 1}:{0 1} but {0 1} IS not idempotent.
0 0flo 1] [0 © 00
The following result gives the condition for ee, to be idempotent

Lemma 2-2 : If R is a ring with every idempotent element is centeral, then
e,e, is idempotent for every e,,e, are idempotents.
Proof: Trivial.

Theorem 2-3: If e,e,are centeral idempotent elements of R, and
rie,—e,)=0,then R=egR®e,R .
Proof: Let xeeRne,R.then x=¢;r; and x=e,r,, for some r,r,in R
Now, er =ee,r,, but x=¢;r, , then x=ee,r,.

Multiplication two sided from left by (e, —e,)we get (e, —e,)X =0, S0
xer(e, —e,).then eRne,Rcr(e —e,), but r(e,—e,)=0. So

e,RMe,R=0. .. (D)
Now, consider (e; —e,)(e, +e,) = (e, —e,) implies (e, —e,)(e; +e, -1) =0,
implies (e, +e, —1) er(e, —e,) =0. Therefore

e,R+e,R=R. ..(2)
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from (1) and (2) we get R=¢R®e,R. =

Proposition2-4: If e,e, are centeral idempotent elements of R , then.

1. eRre,R=¢pe,R

2. gRNe,R=r(l-g)Nrl-e,).

3. r(e +ey)=r(e;)r(e,) ife,RNe,R=(0).
Proof 1: Let xegRne,R, then x=¢r, and x=e,r,, for some r,r, iN R .
since ex=gn, =x then ex=ege,r, yields x=ee,r, eee,R, SO

eRNe,Rcee,R. ..(0)
Now, let yecee,R, then y=ee,r, for somerin R and thismean yee R.
Since e, e, are centeral idempotent elements , then y ce,R
implies y ee ;Rne,R .Therefore

ee,RceRNe,R. ... (2)
From (1) and (2) we get e,Re,R=¢ee,R..
Proof 2: let xee,Rne,R . then x=¢;r, and x =e,r,, for some r,r, in R.
Since er; =e,r, =ee,r,, SO X=e&,r, .
Multiplication two sided from left by (1-e)we get (1-e)x = 0, and

xer(l-eg).

Similarly we get xer(1-e,), hence X er(l-e)nr(l—e,).

Now , let yer@-e)nr(l-e,),then yer(l-¢)and y=eyeeR also
yer(l-e,) and y=e,yee,R, SO YyeeRne,R and hence

gRNe,R=r(l—e)Nr(l-e,).
Proof 3: let xer(e,) nr(e,), then xer(e,) and e;x=0,xer(e,) and e,x=0
SO (e, +&,)x=0 and xer(e, +e,) .

Now, let yer(e, +e,).Then (e +e,)y=0and ey=-e,y and
ey=—-eeyeceR =-eeyece,R (since every idempotent is centeral ), then
gy eeRNe,R=(0) implies ey=0 and yer(e,).

Similarly we get yer(e,),then yer(e,)nr(e,).
Hence r(e, +e,)=r(e) nr(e,) . m

Following [3 ] a ring R is said to be right semi-regular ring if for
every ain R, there exists b in R such thata =ab, and r(a) = r(b).

Proposition 2-5: A ring R is a right semi regular , if and only if , r(a) is

generated by an idempotent.
Proof: see [1], theorem (1-1-12).
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Theorem 2-6: If R is a right semi-regular ring with every idempotent is
centeral .Then for each a in R, there exists e in R such that aR ~eR=(0).
Proof: let R be a right semi- regular ring, then r(a) = eR , where e is
idempotent element ,and let xeaR ~eR,then x = ar and x = er’ , for some
r,r'inR.

Now, X=er =eer’ =ex, since eceR=r(a), then ea = ae = 0.

Since x = ar ,then ex =ear=0 but ex=er'=Xx,s0ox =0.

Hence aR neR=(0). [

Proposition 2-7: If e is centeral idempotent element of R, then for each
element x in R there exists y in R such that xye = yxe = e if and only if
xe+(1-e) invertibility of ye+(1-e).

Proof: let u = xe+(1-e) and v = ye +(1-e).

Now, uv = ( xe +(1-e)).(ye +(1-e)) = xeye + xe -xe +ye +1 -e - eye —e+e =1
So, vu =1.

Conversely, let ( xe +(1-e))(ye +(1-e)) =1, implies xye -e = 0 and xye=e.
Similarly we get yxe=e. n

Theorem 2-8 : If aR = eR .then a = eu , where e is centeral idempotent
element and u is unit element of R.

Proof: Let aR= eR,where e is centeral idempotent element of R ,

Now,a = ea = ae.

Also e = ax,for some x in R

Put v =1-e+ex and u = 1-e+a ,we find uv = vu =1

Now,eu = e(l-eta) =a,Thena=eu=ue. m

If e,e,are idempotent element of R, then (e, +e,) need not to be
idempotent as the following example shows.

Example: let R(z,)be the ring of all 2x2 matrices over the ring z, (the

ring of integers modulo 2) which are strictly upper triangular.Then the only
idempotent matrices of R(z,)are:

Lo 2o allo oo o afls 2

Now[1 1}{1 0}:[0 1} but {0 1} IS not idempotent.
0 0/ [00] |00 00

Lemma 2-9 : If e,e,are orthogonal idempotent elements of R, then
(e, +e,) is idempotent element.
Proof: Trivial.

52



On Idempotent Elements

If e,e, are idempotent elements of R, then r(e, +e,) =r(e)Nr(e,)in
general as the following example shows.

Example: let R(z,)be the ring of all 2x2 matrices over the ring z, (the
ring of integers modulo 2) which are strictly upper triangular, then the
element of R(Z,) are:

o 1)l o/ o o/® 1
ol Jor et Yo 3

The only idempotent elements of R(z,)are: {I,0,AC,E,F }

r()=1{o }

r((E)= o.F }

r(1)nr( E)={o} while r( 1+ E)=r(F)={0,D,E,A }

clearly r(1) nr(E) = r(I+E)

Proposition 2-10: If e;e,is orthogonal idempotent elements of R, then
r(e, +e;)=r(e) Nr(e,)

proof: let xer(e, +e,) . Then(e +e,) x = 0 and e x =-e,x multiplication two
sided from left by e, we get ex=0 and xer(e,).

Also multiplication two sided from left by e, we get e,x=0 and xer(e,) SO,
xer(e)nr(e,).

Now, let yer(e)nr(e,), then yer(e) and e;y=0,also yer(e,)and e,y=0,
implies (e, +e,)y=0 and yer(e, +e,),S0 r(e, +e,) =r(e) Nr(e,) . [

If R is not commutative ring , then eR+e,R# (e, +e,)R as the
following example shows:

Example: let R(z,)be the ring of all 2x2 matrices over the ring z, (the

ring of integers modulo 2) which are strictly upper triangular, then the
element of R(z,)are:

N e N P R
o e e e e o e

the idempotent matrices are : {A,C,D,E,F,G,H,M }
ER={AB,C,E }
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MR={AB,C,D,E,F,G,H,1,J,K,L,M,N,0O,p }

Now, ER+MR= {A B,C,D,E,F,G,H,1,J,K,L,M,N,O,P }
(E+M)R={AG,H,N }

Its clearly that ER+MR = (E+M)R.

Theorem 2-11: If e,e,are orthogonal idempotent elements of R, then

e, R+e,R=(e; +€,)R

proof: let xe(e +e,)R, then x=(e, +e,) r,for some r in R ,and this implies
X=¢gr+e,reeR+e,R

Now, let yce,R+e,R, then y=egr, +e,r,,for some r,r, in R

Multiplying two sided from left by (e, +e,)we get (g +e,)y=y and
y € (e, +e5)R and hence e,R+e,R=(¢e, +&,)R. m

Proof: by induction
1- when n =2, the equality holds.
2- assume that equality holds when n =r.
3- whenn=r+l1

r+1 r r
{Zei ]R = (Zei +er+1JR = (Zei ]R+er+1 R
i=1 i=1 i=1
r+1

)
=Y eR+e R =) ¢R. =
= =

Proposition 2-13: If R is a ring and x" =x"* for all x in R and n is integer,
then :

1. x=e+p, where e is idempotent element and p is nilpotent.

2. Every element of R/N is idempotent .

Proof 1: let x" = x"=xx"

First we claim that x" is idempotent element.

Now, (x™)2=x". x"= XXX cevvnnnnn. (xx")
n- times
=5 & N (xx")
(n-1)-times
= x"

Now, lety =x- x", theny = x-x"" and this implies y = x- xx",s0
y =x(1-x").
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Now, y" =(x@-x"))" so, y"=x"@-x")" ( since every idempotent is
centeral) and by [proposition 2-1], (1-x") is also idempotent and by [if e
is idempotent element of R, then e can not to be nilpotent] ,(1-x") can not
be nilpotent. So, y" =x"(1-x")=0and yeN, therefore x = x"+x-x" e E +N.
2) let y=x—x?

Now, x"Ly=x*+x"1=0
0= x"2xy=x"?x2y =x"?(x-x?)y = x"?y?

- Xn—BleZ — Xn—SXZ'yZ — Xn—3(X_X2)y2:Xn—3y3

0= y™ this implies (x-x*)"=0, then x—x?eN.
So, x+N = x*+N. m
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