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ABSTRACT 

 The purpose of this work is to study the dynamics of the family of 

nonlinear functions ={  It is shown 

that the bifurcation in the dynamics of   occurs at the critical parameter 

value  

Keywords: Dynamics, bifurcation, real nonlinear functions. 

ة الحقيقية والتشعب للعائلة دينميال
3

)(
2

sinh

x

x
 

 فارس صلحسلمى م
 جامعة الموصل ، كلية علوم الحاسوب والرياضيات
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 الملخص
 ميررررررررررررررررررررررررة العا لررررررررررررررررررررررررةالغرررررررررررررررررررررررررد مرررررررررررررررررررررررر   رررررررررررررررررررررررر ا ال حرررررررررررررررررررررررر   ررررررررررررررررررررررررو   اسررررررررررررررررررررررررة     

λ{=    م  الدوال الحقيقية اللاخطية. س بر   علر  ن
 . التشعب في    مية العا لة يحدث ع دما تأخ  المعلمة القيمة  الحرجة 

 الد  مية، التشعب، الدوال الحقيقية اللاخطية.الكلمات المفتاحية: 
1.  Introduction 

 The last fifty years have been seen an explosion of interest in the 

study on nonlinear dynamical systems. Scientists in all disciplines have 

come to realize the power and the beauty of the geometric and qualitative 

techniques developed during this period. More importantly, they have been 

able to apply these techniques to a number of important nonlinear problems 

ranging from physics and chemistry to ecology and economics. It is known 

that many nonlinear systems come from biological, physical and 

engineering problems[3]. The chaotic behavior of various systems and the 

complexity in iterates of nonlinear functions, the challenges of their 

theoretical study, and their wide ranging applications in science and 

engineering; it has been a popular topic of exploration from mathematicians, 

physicians and scientists in recent years[4]. Nice introduction to the 

Quadratic map can be found in [1] and for other types of one parameter 
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families can be found in [5]. In this work we suggest a family of nonlinear 

functions  = {  and study the dynamics 

of this family.  

 Let  be a non-constant function. Define  

where denotes the 

n-th iteration of  The set { } is called the orbit of , and the 

set of points  {  is called the backward orbit 

of  . The point  is called a fixed point  of  if  and it is 

classified as: 

(a)  

(b)  

(c)   

  is called the multiplier of   

 Let ={  be a family of 

nonlinear functions with the real parameter . In this paper we study the real 

dynamics of this family of nonlinear functions. We describe the existence 

and the nature of the fixed points of the function   . We find two 

critical parameter values of , 
 

 
and   . Finally we study the 

bifurcation in the dynamics of  . Recall that, bifurcation means a 

division into two, splitting parts or a changes.  

In dynamical systems, the bifurcation is to study the change that maps 

undergo as parameter changes. These changes often involve the periodic 

points structure but may involve other changes as well. We show that for 

 , the bifurcation occurs at the critical parameter value .   

2. Dynamics and bifurcation of the functions in the family   : 

         Let ={ } be a one parameter family of 

transcendental functions. In this section we study the dynamics and 

bifurcation of the function fλ ( ) . First we describe the fixed points of  

fλ  and their nature. Let fλ  . This implies that  . So the 
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fixed points of  fλ ( ) are the solutions of β( )  , where 

β( )  

 We give some properties of β(  

1.   is continuous in . 

2.  

3.  

4. . Thus 

 ,i.e.   is continuous in . 

5.  =0 has a unique positive solution . Note that  is a 

solution of   iff  is a solution of and by 

Newton-Raphson method we find  . Also  has a unique 

negative solution at x = –  

6. Since .Thus has exactly one maximum point at 

  in It also follows, by property 2 ,that  strictly 

increasing in (0, ) and strictly decreasing in ( , ) . 

7.  is symmetric around the y-axis. 

Figure (1) gives the graph of  
 

 
 

Figure (1) 

 

Let .We call it a critical parameter value of fλ  

Proposition (2.1) The locations of the fixed points of  are given as 

follows : 

1.  For 0<λ<λ1 , fλ has two fixed points one of them in (0, ) and the other 

in( , ). Further, fλ has two fixed points living in and 

( ). 
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2. For λ=λ1 , fλ has two fixed points at  and . 

3. For λ>λ1 ,  fλ has no fixed points. 

Proof: 1. For 0<λ<λ1 , by properties 1,2 and 6, the line u=λ intersects the 

graph of  at exactly four points two of them at the right of the y-axis 

and two at the left of the y-axis (see Fig 1). Using the properties 2,3 and 6, 

and since  ( ) =λ1  one of the solutions of =λ lies in the interval 

).. Also by 6, is decreasing in ( ) and  (x1) =λ1 , thus the 

other solution  of lies in ( ). Therefore  has one fixed 

point in ) and another one in ). By property 7,  has only 

one fixed point in each of the intervals  and . 

2. For λ=λ1, since ( ) =λ1  , and is the maximum point for  in 

, thus the line u=λ intersects the graph of   at .Thus 

has only one solution at  . 

Hence fλ has a fixed points at    Again , by property 7   is 

the solution of the equation  in the interval . Thus ,  

 has a fixed point, for λ= , at .  

3. By property 6,  is the maximum value of . Thus the line u=λ does 

not intersects the graph of  at any point for each . Hence =λ 

has no solutions for this case. Therefore  has no fixed points for each 

. 

        To study the nature of the fixed points of the function  

put We have two equations,  and The 

equation   iff   Therefore, it is equivalent to 

  the equation  

, thus we have another critical parameter value 

 where  is the solution of the equation 

   

        The nature of the fixed points of  for various values of the 

parameter λ is described in the following: 

Theorem (2.2): Let   ,  Let  be a solution 

of    =0 and . Then 

1. For 0<λ<λ1 , the fixed points   and  are 

attracting and the fixed points  and  are 

repelling. 
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2. For λ=λ1, the two fixed points  and  are rationally indifferent.  

Proof: The derivative of the function  is given by  

 and the fixed points of the function  

 are the solutions of the equation λ  . Thus the multiplier is 

 of the fixed point   is given by  

 

. 

 

Define   

 

The function  is differentiable and 

  

 

Since   , then the function 

 has exactly one minimum at . 

Since >0    <0 , then  is 

increasing from -1 to  as   and  is decreasing 

from  to -1 as x increases from -  to 0 . From these observations it 

follows that satisfies : 

=  

 

See Figure (2). 

Therefore, by (*), the multiplier  satisfies 
 

=  
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Thus 1. For 0<λ<λ1, by the equation (A) , the fixed  points  and 

 are attracting and by (C) the fixed points 

 and  are  repelling.  

2.For λ=λ1 we have two fixed points and - . By the equation (B), 

both of them are rationally indifferent. 

 

Figure (2): The graph of  

 

 In the following we study the dynamics of 

. Also we show that the bifurcation in the 

dynamics of  occurs when the parameter  crosses the critical 

parameter  value . 

 Let  be the set of points which are backward orbits of the pole x=0 

of the function 

  . The dynamics of the functions in our family is studied 

in the following:  

Theorem(2.3) Let  ={ .  

1.For 0<λ< ,  

and    where 

is an attracting 

fixed point of    and  repelling fixed point of    
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Moreover,  and    

, where  are the  rationally 

indifferent fixed points of and  

µ .  

  and 

 

Proof: Define   It is clear that    is 

continuous and differentiable on  -{0}. Further it is easy to see that the 

solution of  is exactly the fixed points of  

1. For 0<λ<  Theorem (2.2) shows that  has two fixed points in the 

interval (0,∞), 
 

From now on we write  

Since is continuous in some neighborhood of   

Thus  in some neighborhood of  Therefore is decreasing 

in a neighborhood of . But  is continuous in (0,∞). Thus for 

sufficiently small ,  >0 in ( ) and  in 

( ). Further, since  is continuous in some 

neighborhood of then  in some neighborhood of Therefore 

is increasing in a neighborhood of . By the continuity of , for 

sufficiently small >0,  <0 in ( ) and  in 

( ). But  in (0, )  Thus  for 

(0, )  and  for  (  Thus  

 
 See figure (3). 
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Figure (3): The graph of  
       

Now we have two cases:  

Case (a). For   

Let   be the minimum point of  in the interval  . Then for 

 the function increasing. Further ,by ( ) .  

Thus for  we have 

 That is the sequence { } is 

decreasing and bounded below by . Thus as . 

for . But   is decreasing in ( ) and . Thus 

the function  Thus 

 Since  is an odd function, then  

as    

Case(b). For  

By ( ) ,  in each point of the intervals 

.Since and 

f is strictly increasing in , then 0< 

 Thus the sequence { } is 

increasing and not bounded above for each  . Therefore  

 as  for   But   is decreasing in 

. Thus  maps in to  . Thus 

 for Since  is an odd 

function, then  for  
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2. For  By the same arguments used in part (1), we can prove this 

case. 

See figure (4). 
 

 

Figure (4): The graph of  
 

3. For λ>λ1, the function  has no fixed points by proposition (2.1). 

Moreover in this case   for ) (see Figure 5 ).  

Thus for any  

Therefore, the sequence { } is increasing and not bounded above. Thus 

 Again since  is an odd function, then 

 
 

 
 

Figure (5): The graph of  
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 It follows from Theorem (2.3), that the bifurcation in the dynamics 

of the function occurs at the critical 

parameter value  1   ,where  is a positive solution of the 

equation 2tanh(x)-x =0, and the approximated critical  

Value is 1 1.2203. 

Remark:  

 At the critical parameter value,  where  is the solution 

of  the equation   

     = , coming from putting  (  

By Theorem  

     (2.3), at this value of the parameter the dynamics of the function  

does not change. 
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