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ABSTRACT

In this paper we obtain the conditions under which the trivial solution is

stable for the following perturbed differential system :

g _
dt

alt . .
& e —Sin a2t X1+S|n azt X2,

, O<e<1
dX2 . .
sz Sin azt Xl + (a3t —Sin azt) X2 y
where o, a,,a, _ constants.

which described the flow rate of liquid or gases between two vessels, we transform
this differential system to auxiliary system which gives the stability conditions of
solution by Perron principle, these conditions represent stability conditions for
required differential system.

Keywords: stability, perron principle.
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1. Introduction:

The common problem in differential equations is to determine the
behavior of the solutions near a given constant solution. Physically,
a constant solution represents an equilibrium, and many problems of science
and technology can be reduced to the question of the stability or instability
of an equilibrium[3]. In the context of such problems, only those solutions
are of interest whose initial values lie near the equilibrium, and these
equation arises whether these solutions remain near the equilibrium, and
possibly even tend toward it in the course of time. The common problems in
applied mathematics and physics study the flow rate of liquid or gases
between two or more vessels when the coefficients of mathematical model
which is represented by differential system are constant or variables
[1,2,6].And many of these problems discussed the conditions under which
these systems are stable or unstable[4,8]. In our problem we discuss these
conditions when the differential system has variable coefficients w.r.t. t
(coefficients depending on the time), and finding the effect of parameter ¢
which represents the allowance in perturbation on conditions of the stability
by using Perron principle of stability [7]

2. Definitions:
Definition 1 [3]:

Given the autonomous system
& _p(xy)
.%szw (2.1
a point (Xo,yo) at which both P(xo,yo) =0 and Q(Xo,y0)=0 is called equilibrium
point (the terms critical point and singular point are also used) of (2.1).

Definition 2 [3]:

Let (xo,yo) be an equilibrium point of system (2.1), we say that
(Xo,Yo) is stable if for every & >0 there is 6>0 such that every solution u,v
which satisfies, for some to,

[u(to)-x1* +[v(to) —yo]* < & , ..(2.2)
also satisfies, for all t >to, and
[u(t)-x]> +[v(t) ~yol* < &? .
Definition 3 [3]:

If (Xo,Yo) is a stable point, and if 6 can be chosen so that (2.1) implies
that (u(t),v(t))— (xo,Yo) as t— oo , we say that (xo,yo) IS asymptotically
stable.
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Remark[5]:

Investigating a solution of system (2.1)near the equilibrium point
for stability can be reduced to investigating for stability zero (trivial)
solution x=0,y=0 of (2.1).

3. Formulation of the Mathematical Model:

Assume that we have two vessels V1 and V2, and the heights of the
liquid in V1 and V2 are x1 and x2, respectively . Each vessel is supplied
with outflow valve r11(t) , r22(t) which are function of time (t) , and the two
vessels are connected to a pipe that has a valve rq2 (t) =r21 (t) which is also a
function of time (t).

So, we can choose an arbitrary function for each of ri1(t) , rio(t) ,raa(t), rao(t)
as in the following:
ny(t)=e™!

I, (t) =1y () =Sin ot
Iy (t)= ast

where a1, 02,03 _constants r2o(t) r2(t) = ra(t) ri1(t)

The change of the heights of the liquid in the vessels, Xxi,x2 are
proportional with the pressure in the outflow valve as follows:

The proportional constant in these cases depends on the outflow
valve which are ry1(t), raz(t), i.e.

(%j =) X,

1

(dﬁj S % ..(3.1)
1

In addition to this, the change in height of liquid in each vessel is

proportional with flow rate between vessels through pipe and valve, i.e. the
change is proportional with the difference of pressure between them that is

[%)2 a (x;—%),
[dditzjz a (% —xp).
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Since rio(t)=r21(t), then

(%J =T, (1) (Xz _Xl)'
2

dt

(dditz) = () (x—%p). .--(3.2)

2

Therefore

(5] (2

d (dt ) dt),

dﬁ:(dﬁ) +[dﬁ) _ ...(3.3)
dt dt ), Ldt ),

Substituting (3.1) and (3.2) in (3.3),we get

%: i (1) X + 1 (1) (X —Xy),

dstZ: Moo ()Xo + Ny (1) (0 —%;). ...(3.4)

Then,

d
Lo (13 0 1, 0)% +5, ©%,
dX2 _ (3 5)
at Moy (1) X + (rop (1) X — 1y () )X, IR

Let ¢ be the parameter appearing in the equations governing the
problem, here ¢ represents ( allowance in perturbation ). Then we get the
following differential system:

dx
£ d_tl: Py (1) X + P12 (1) %o,

dx
gd—tzz P2y (1) Xp + Pap (1) X,. ...(3.6)
where

Pyy (1) =15 (1) =13, (V) =e™ _sin ast,
Pro (1) =1, (1) = sin ayt,

Pa1 (1) =T (1) =sin ayt,

Poy (t) =1y (t) — 1y (1) =5t —Sin ast.

and oy, ap,03 _ constants.
Thus, the differential system in (3.6) becomes
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d t
gd—xtl:(eal —sin azt] X, +sin ant Xy,

d
g%: sin a2t X+ (agt —sin azt) X ---(3-7)

4. Stability Conditions

In order to find stability conditions of (3.7), we rewrite (3.7) in
vector form:

X*=p(t)x , ...(4.1)
where
- =|:xl:} () = 1 {e-“lt —sin a,t sin az't .

X5 € |sina,t ozt =sin a,t
Applying the transformation
x=2AQ)Y,

&

= y=cA(t)x
to the differential system (4.1), we get the following auxiliary system:
v fow- At waw)]y. (42)
where

_a-l v | A® 0
D(t)= A" (t) pl(t)A(t)—{o 2 (t)} , )= A, (). ...(43)

The system (4.1) has roots of the form

ot —2sin ot +e™t N \/(oz;.gt—eo‘lt)2 +4sin? ot

A= 2 2¢&

agt—2sin o t+e™t \/(ozgt—eo‘lt)2 +4sin? a,t
2s 2s '

A ()=

Now, to find the elements of the matrix A(t), we have from (4.3)
Py (t) A(t)=A(t) D(t).

Then

e — gt \/(agt —ea‘ﬂ)z +4sin? ot
2¢ 2¢

all(t)+l sin a,t ay, (t)=0, ...(4.4)
&
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ot _ t—e™' [ +4sin? ot
e 26053t N \/(ag Zg ay a, (t)+% sin ot ay, (t)=0, ...(4.5)

_eat t—e® [ +4sin? ot

_pat t—e! [ +4sin? ot
0{3t286 N \/(0!3 = a 2y, (t)+% sin a,t ay, (t)=0. ...(4.7)

If we take the minors for the coefficients of equations (4.4) and (4.6), we
get:

2 .
ast —ext B \/(a3t —e! ) +4sin? ast
2¢& 2¢&

a; () =

1 .
as ()=— ;sm aot.

Also, if we take the minors for the coefficients of equations (4.5) and (4.7),
we get:

ot —e’r! \/(a3t —e”‘lt)2 +4sin? a,t
2¢& * 2¢&

=a, ()=
1.

a,, (t)=——sin a,t.
&g

therefore,

ast—e™ \/(ozgt—e”‘1t +4sin® ot gt —e™t \/(ozgt—e”‘1t +4sin? gt
+

A(t)= 2¢ 2¢ 2¢ 2¢

1. 1.
——Sin a,t ——sin ot
£ £

Then

AR A )= £

2 {Z“ 212] (4.8)
\/(a3t—e"‘1t) tasin2 gt LA P22

where
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L, =t e 1| alt—agazte™ —ae™! +oe?™ + 4sin a,tcosast
n=—— 5.  t52
2¢ 2¢ .
azt—e™' | +4sin? a,t
agt ajgt i 2
a, agt—e™ +4/lagt—e +4sin” at
+—=cosa,t - ,
& 2sin a,t
, —ag+me™ 1| aft—oaste™ —ae™ +e®™" + 4sin a,tcosant
p=—a—1 =
2¢ 2g .
agt—e™ [ +4sin? gt
agt agt a2
a, azt—e™ +4/\last—e +4sin” a,t
+—=Ccosa,t - ,
& 2sin a,t
oyt 2 agt agt 2a4t 4si
S b a,e 1| ast—ajozte™ —aze™ + a8 +4sin a,tcosast
21 = . -
2 2 .
(a3t —et! )Z +4sin? a,t
agt ot 2
a, azt—e™ —y/last—e +4sin“ a,t
— =2 cosa,t - ,
& 2sin a5t
agt 2 ot apt 2a4t 4si
T a,e 4 1| ast—oazte™ —aze™ +oe™™ +4sin a,t cosat
2= -

2¢ 2¢ \/(aat—e“lt)2 +4sin? a,t

a, ast—e™ —\/(aSt—ealt)z +4sin? a,t
— 22 cosa,t .
& 2sin a,t

5. The Main Results:

We can not find stability conditions directly of (3.7), therefore, we
first find stability conditions of auxiliary system (4.2), these conditions
represent the stability conditions of the differential system (3.7). For this
purpose we formulate the following theorem.

Theorem: The differential system (3.7) is stable if

t

—&Z
1. MI 12 H2 dr< 1,
T ylasr —e™" [ +4sin? a,r
3 2
(a —ealTJ2+4sin2a
} agr—2sinay r+e%1? . 3t 27 _ £211 dr
2 2 2
T ¢ ¢ \/[agrfealrj +4sin? ant

=0@),t—oo,
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t
— &Iy

3. ,u3I 4y dt<l,
T \/(a3t —e® | 1 4sin? gt
(a r—ea'lfj2 +asin apr
} agr-2sinay r+e1” & 2 £122 d
— T
2¢ 2¢ 2
T \/(agr—ealr) +4Sin2a21
4, Czlu3 = CZ e
=0Q) , t—>oo,
where
J agt-2sina,t+e“t R (agtfe”lt)z+4sin2 at ez &
pp=e i 2 2 \/((131—8“1‘)2 +4sin? gyt ’
and
\/(a t—ealt)2+45in2a t
7? azt—2sinay t+e®t B 3 2 _ £292 dt
2¢ 2¢ 2
T \/(agt—ealt) +4sin? ot
Hy =€
proof:

In order to find stability conditions of (3.7),we substitute (4.3) and (4.9) in
(4.2):

dy; _| ast—2sin a,t+e . \/(a3t—e“1t)z+4sin2a2t

dt 2¢ 2¢

_ —&y v, — €Z1pY>

\/(ag,tfe”‘lt)2 +4sin? ot

\/(ag,tfe”‘lt)2 +4sin? ot
> .6

dy, _ —& 7y 1+[oz?,t—Zsin at+e™!
dt \/(aat—eo‘lt)2 +4sin? ot 2¢
\/(ast—ealt)z +4sin? a,t £ Iy

on Ya-

\/(oz:%t—eo‘lt)2 +4sin? a,t J
From Leibniz's formula [5],the first equation of (5.1) has a solution of the
form:
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EZ1p

t
ylzﬂll\/( $o pp AT+ 4Gy,

ast —e”llr)2 +4sin? a,r

where c1is an arbitrary constant.
Now, by using the principle stability of Perron [7], we get

_5212 80

Ho dT+/Jl Cl Sé‘o.

SENn

a r—e0‘1’)2 +4sin? a,r

Hence the zero solution of first equation of (5.1) is stable if
t

1-%[

—Elp Ky dr<1
T \/(a3r —e”‘lr)2 +4sin? a,r

and
2 .
} age —2sinag ¢+l N \/(a3r—e 1 ) +4sin? apr . .
T 2 2 J(agr—ealr )2+4sin2 ar
2. Cl,ul = Cl e
=0@) , t—oo.
Similarly, the zero solution of the second equation of (5.1) is stable if
t
T \/(a3t - e“lt) +4sin? a,t
and
2
} azr—2sinay r+e%17 _ J(q3r—ea17) +4Sin2 aer £122 dr
T 2 2 ‘/(agr—ealr )2+4sin2 at
4. Coug=c, €
=0, t—>om,

where c2is an arbitrary constant.

Hence the zero solution of auxiliary system(4.2) is stable if it is satisfying
the conditions 1,2,3,4 and these gives the stability conditions of the trivial
solution of the differential system (3.7).
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