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ABSTRACT

Aring R is called right SNF-rings if every simple right R-module is N-flat . In this paper
, We give some conditions which are sufficient or equivalent for a right SNF-ring to be n-regular
(reduced) .1t is shown that
1- If r(a)is a GW-ideal of R for every a € R. then, R is reduced if and only if R is right SNF-

ring.
2- If R is an reversible, then R is regular if and only if R is right GQ-injective and SSNF-ring
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1. Introduction

Throughout this paper, R denotes an associative ring with identity and all modules
are unitary .We write J =J(R) for the Jacobson radical of R , and Y =Y(R) (

Z = Z(R)) for the right (left) singular ideal of R. The right and left annihilators of a
subset X of aringR are written as r(X)andI(X). A right R-module M is said to be
flat if , given any monomorphism N — Q of left R-modules N and Q, the induced
homomorphism M ® N - M ® Q is also monomorphism [1] . Generalizations on right

flat modules have been studied by many authors (see [9] and[3]) . In [5] SF rings are
defined and studied . A ring R is called right (left) SF-ring if every simple right (left)
R-module is flat . In [9] , Wei and Chen first introduced and characterized a right N-flat
modules , and gave many properties . A right R-module is called N-flat , if for any
aeN(R), the map I, ® :M®Ra—>M®R is monic , where i:Ra— Ris the

inclusion mapping . Actually , many authors investigated some properties of rings
whose every simple right R-module is N-flat [4] and [9] .
Recall that a ring R is called reduced ring if it has no non zero nilpotent elements ,

or equivalently , a®> =0, that implies a=0forall ac R . Aring R is called reversible
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[2] if for a,be R, ab=0 implies ba=0. Aring R is said to be Von Neumann regular

(or just regular), if acaRa for every aeR[5], aring R is called n-regular [6] if
acaRafor all ae N(R). Clearly, Von Neumann regular ring is n-regular , but the

converse is not true by [6, Remark 2.19] .A ring R is said to be right NPP if aR is
projective for all ae N(R)[6] . A right R-module M is called nil-injective if for any

aeN(R), any R-homomorphismR — M can be extended to R—>M . Or
equivalently there exists me M such that f(x) =mx for all xeaR [6,7] . Clearly , a
reduced ring is right nil-injective , right NPP and n-regular ring [6] .

2. SNF-ring
Following [9] , A ring R is called right (left) SNF if every simple right (left) R-

module is N-flat .
The following lemma , which is duo to [9] , plays a central role in several of our
proofs .

Lemma2.1:
1- Let B be a right R-module and there exists R-short exact sequence

0—>K-—>F—>B—>0 where F is N-flat , then B is N-flat if and only if
KN Fa=Ka forall ae N(R).

2- Let | be aright ideal of R . thenR/I1 is N-flat right R-module if and only if
la=1nRaforall ae N(R).

3- LetRbe aring then, R is n-regular ring if and only if every right R- module is
N-flat .

Following [5] , a ring Ris called MERT ring if every maximal essential right ideal
is a two-sided ideal of R.

Clearly , a right SF-ring is right SNF-ring , but the converse is not true. Because
there exists a reduced MERT ring which is not regular, there exists a reduced MERT
ring R which is not right SF by [12,Theorem 1] . On the other hand ,by [9, Theorem
4.7], reduced ring is right SNF,so there exists a right SNF-ring which is not right SF [9].

Examples (3) :

1- Let Z, be the ring of integer modulo 2 and letG ={g : g*® =1} be acyclic group
the group ring Z,G ={0,1,9,9° .1+ 9,1+ 9% g +9g°1+g+g°}is reduced n-
regular ring and SF-ring ,therefore it is SNF-ring .

Z, Z
2- Let Z, be the ring of integer modulo 2 ,then R :{ 2 22} isSSNF-ring but
2 2

not reduced .
3- Thering of integers Z is SNF-ring but not SF-ring .

Lemma 2.2: [2]

Let R be areversible ring , then r(a) =1(a) forall aeR .

Following [7], aring R is said to be right (left) Nduo if aR(Ra) is an ideal of R for all
ae N(R).

Proposition 2.3 :
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Let R be aright N duo, SNF-ring , then Y(R) =0.

Proof :

Suppose that Y(R) =0 then, Y(R) contains a non-zero element a such that
a’=0.let xel(a), r e R.Since Risright N duo , aRis an ideal of R . Hence, ra = at
for some t € R. Therefore, xra =xat =0. This proves that I(a)is a right ideal of R.
Therefore , there exists a maximal right ideal of R such that I(a) = M . Since R s right
SNF-ring and ael(a) c M, by lemma (2.1), there exists b € M such that a =ba, that
is (1-b)el(a)c M andso 1 M, a contradiction . Therefore ,Y(R)=0 . m

Theorem 2.4:

Let R be a reversible ring .Then ,R is a right SNF-ring if and only if R is n-
regular ring .

Proof :

Suppose that R is n-regular , then R is SNF-ring ,lemma(2.1(3))
Conversely: Let ae N(R). We claim that aR+r(a) =R. If not , then there exists a
maximal right ideal M of Rsuch that aR+r(a) c M. Since Ris right SNF-ring ,

R/M is an N-flat right R-module . By lemma (2.1) ,a = xa for some x e M . Since Ris
reversible ,a=ax. Hence ,(1-x)er(a)c M and so 1 M, which is a contradiction.

Therefore ,aR +r(a) = R .Hence, ab+z =1for some be Randz er(a). Since ,az=0

.this gives a =aba.Thus, Ris n-regular.m
From Theorem (2.4) and definition of C(R) we give the following Corollary :

Corollary 2.5 :

The center (C(R)) of any right (left) SNF-ring is n-regular ring.

Following [13], a left (right) ideal L of a ring R is called generalized weak ideal
(GW-ideal), if for any a e L, there existsn>0 such that a"R < L (Ra" < L).

Theorem 2.6 :

Let R be aring such that r(a) is a GW-ideal of R for every a€R. Then ,R is
reduced if and only if R is right SNF-ring .

Proof :

Suppose R is reduced , then R is SNF-ring [9, Theorem 4.2] .
Conversely : Assume that Ris SNF-ring and 0 #b e R such that b*> =0. Let x € l(b),
then b e r(x) . Since r(x) is a GW-ideal of R and b> =0 we have Rbc r(x). This
proves that 1(b) is a right ideal of R. Therefore , there exists a maximal right ideal M
of R such that I(b) c M . Since R is a right SNF-ring and b el(b) = M by Lemma
(2.1) ,b=cbfor some ceM , 1-cel(b)cM and so 1e M, a contradiction ,

Therefore, R isreduced . m
Following [8] ,a ring Ris called weakly normal if for all a,r e R and e € E(R),

ea=0implies areRis nil right ideal of R ,where E(R)stands for the set of all

idempotent elements of R .
The following result is given in [8]
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Lemma 2.7:

Let Rbe a weakly normal ring andx e R.If xis Von Neummanregular ,then
X e Rx* N x°R.

In the next result, we give another condition for SNF-ring to be a reduced ring .
Theorem 2.8 :

Let R be aring and every principal right ideal is a maximal .Then R is reduced if
and only if R is right SNF-ring and weakly normal .

Proof :

Let R be reduced, then it is clear R is weakly normal ,and SNF-ring .
Conversely : Let ae R with a?> =0and every principal right ideal is a maximal , then
M =aR. Since Ris right SNF-ring, R/aR is an N-flat right R-module .By Lemma
(2.1) a=Dba for some b € aR .Therefore, a=ara (b = ar) for some r € R .By Lemma

(2.7) ,aeRa® =0 , which implies a=0 .Thus, R is areduced ring . m
Next, we recall the following result of Wei and Chen [6] which proved the link
between nil-injective and n-regular rings .

Theorem 2.8 :

The following conditions are equivalent for a ring R
1- Risan-regularring .
2- Every left R-module is nil-injective .
3- Every cyclic left R-module is nil-injective .
4- Ris left nil-injective left NPP ring .
From Theorems (2.4 and 2.8) and Lemma (2.1) , we get the following theorem .

Theorem 2.19 :

Let R be a reversible ring. Then ,Ris a right SNF-ring ,if and only if R is nil-
injective .m

3- Rings whose simple singular right R-module are N-flat

In this section , we give an investigation of several properties for rings whose
simple singular right R-modules are N-flat . Also , we study the relations between such
rings and weakly regular ring .

Definition 3.1 :

Aring R is said to be right SSNF-ring , if every simple singular right R-module is
N-flat .

Theorem 3.2 :
If R is SSNF-ring with I(a) < r(a) , for every aeR then:
1-Y(R)NZ(R)=0
2-Y(R)NJI(R)=0
Proof :

1) If Y(R)YNZ(R) =0, then there exists 0=beY(R)NZ(R)such that b>=0. We
claim that RbR +r(b) = R. Otherwise , there exists a maximal essential right ideal
M of R containing RbR+r(b). So, R/M s a simple singular right R-module and

16



On SNF-rings , |

then it is right N-flat by hypothesis .Hence ,b=cb for some ceM (Lemma2.1) ,
and so (1-b) el(b) = r(b) = M . Thus 1€ M | which is a contradiction . Therefore
1=x+y, XeRbR, yer(b) and so b=bx. Since RbRc Z(R), xe Z(R). Thus
I(Ll-x)=0and b =0, which is a contradiction . Therefore Y(R)(Z(R)=0 .

2) Suppose Y(R)NJ(R) =0, there exists 0=b e J(R)NY(R) such that b*> =0, we
will prove that RbR +r(b) = R. If not there exists a maximal right ideal M of R
containing RbR+r(b) . Following the proof of (1) we get b=bd for some
d e RbRc J(R), b(l-d)=0. Since d € J(R), (1—d)is invertible . This implies
that b =0, which is a required contradiction . Therefore ,Y(R)NJ(R)=0. =

Recall that a ring R is right GQ-injective [11] if , for any right ideal 1 isomorphic
to a complement right ideal of R, every right R-homomorphism of | into R extends to
an endomorphism of R. In [11] , shows that if R is right GQ-injective ring , then

J(R)=Y(R), R/J(R) isregular.

The next result is considered a necessary and sufficient condition for SSNF-rings

to be regular ring .

Theorem 3.3 :

Let R be reversible ring .Then , the following statements are equivalent :

1) Ris regular ring

2) Risaright GQ-injective ring and right SSNF-ring .

Proof :

1—2 Observe that if R is regular then R is n-regular and so every right R-module is

N-flat by [9, Theorem 4.2] .So we are done .
2—1 From Theorem (3.2) J(R)NY(R)=0. Since ,R is right GQ-injective , then
J(R)=Y(R)=0 and R is regular ring . m
Following [7], a ring R is called strongly min-able if every right minimal
idempotent element is left semicentral .
Theorem 3.4 :

Let R be a strongly right min-able , MERT ring . If R is right SSNF-ring , then R
is a right weakly regular ring .

Proof :

We shall show that RaR +r(a) =R, for any a e N(R). Suppose that there exists
b e N(R) such that RbR + r(b) # R. Then , there exists a maximal right ideal M of R
containing RbR + r(b). If M is not essential in R. Then ,M is a direct summand of R
because M is maximal . Now , we can write M =r(e) for some 0=e’>=e<cR and
hence eb =0. Because eR is a minimal right ideal of R and R is a strongly right min-
able ring ,be=ebe=0. Thus, eer(b)cM =r(e), whence e=0. This is a
contradiction . Therefore, M must be an essential right ideal of R. Thus ,R/M is N-
flat and so b =cb for some ce M (Lemma 2.1), 1e M (R is MERT) . a contradiction .
Therefore ,RaR+r(a) =R . In particular xay+z =1, x,ye R, zer(a). So, axay =a.
Hence , R is a weakly regular ring . m
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