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ABSTRACT 

 Algebras with three commuting involutions are represented as 

commutants of one-generated  –  –  subalgebras of algebras of vector-

space endomorphisms where   –  and  are involutions of a prefixed 

type. 
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 الملخص
من     –  –مولد واحد للجبور الجزئية ك تشابكات ابدالية ةالجبريات مع ثلاثتم تقديم          

 . المذكورة آنفا  رموز التشابكات المثبتة    –  –التطبيقات الخطية حيث فضاء متجه  جبور
 الجبريات، تشابكات ابدالية.الكلمات المفتاحية: 

Introduction and Preliminaries  

 Throughout this paper (k, –) denotes a field with an involution and 

the terminology of algebra and algebra involution is relative to (k, –). A 

systematic study of representation theory for algebras with involutions was 

given in [6] by Quebbemann and he proved that (involutive unital finite-

dimensional algebras can be represented as commutants of one-generated 

self-adjoint subalgebras of algebras of vector-space endomorphisms) and 

later the representation theory for algebras with involutions has been extend 

to algebras with two commuting involutions by Cabrera and Mohammed see 

[1]. 

 We begin by summarizing some definitions and fundamental 

concepts. An involution * in an algebra A is a mapping a → a* of A into it 

self satisfying (a+b)* = a* + b*, (a)* = α a* (where – denote the 

conjecate of complex number), (ab)*=b*a* and a**=a for all a, b in A and 

  in k see[1]. A subalgebra of A globally invariant by * is called a  



Amir A. Mohammed & Baida S. Abdullah and Nadwa S. Younis 
 

 

 78 

 * – subalgebra. If B is a  * – subalgebra of A,  then its centralizer in A given 

by  

  a  A : ab=ba for all b in B  ,  

is also a * – subalgebra of A see [1]. 

 Involutive algebras can be constructed from the consideration of 

nondegenerate hermitian spaces. Recall that, for  in k satisfying  =1, a 

nondegenerate –hermitian form in a vector – space M over k is a mapping  

<. , .> from M x M into k satisfying   

< m1 + m2, m' > = < m1, m' > + < m2, m' >, < m, m' > = < m, m' >  

< m , m' > =  < m', m > 

for all m1, m2, m, m' in M and   in k, and < m, m' > = 0 for all m' implies 

m=0 see [1]. If M has finite dimension, then the algebra Endk(M) of all 

endomorphisms of M with the adjoint involution F → F given by  

< F(m), m' > = < m, F(m') > 

for all m, m' in M see [1].  

 If (A, *, #, ), (B, ,  ,) are algebras with three commuting 

involutions, an isomorphism between (A, *, #, ) and (B, , , ) is an 

algebra isomorphism  from A onto B satisfying (a*) = (a), (a#) = 

(a)G and (a ) = (a)F for all a in A. In this case (A, *, #, ) and (B, ,  

,) are said to be isomorphic see [1].  

 Our main result is the following :  

Theorem 1. Let (A, *, #, ) be a unital finite-dimensional algebra with 

commuting involutions over (k, –) and let , ', '' in k such that  =' '  

='' '' =1. Then there exist a finite-dimensional vector space w over k, a 

nondegenerate -hermitian form <. , .>, a nondegenerate '-hermitian form 

[. , .], a nondegenerate ''-hermitian form [. , .], and F in Endk(w) such that 

(A, *, #, ) is isomorphic to the centralizer of the   –  – – subalgebra 

of Endk(w) generated by F, where ,  and  are adjoint involutions in 

Endk(w) determined by <. , .> , [. , .] and (. , .), respectively. 

 We will follow the lines of the following lemma : Let (A, *, #) be a 

unital finite-dimensional algebra with commuting involutions over (K, –) 

and let  , ' in K such that   = ' ' = 1. Then there exist a finite-

dimensional vector space W over K, a nondegenerate -hermitian form <.,.> 

in W, a nodegenerate '-hermitian from [. , .] in W, and F in EndK(W) such 

that (A, * , #) is isomorphic to the centralizer of the – – subalgebra of 

EndK(W) generated by F, where  and   are adjoint involutions in 

EndK(W) determined by < . , . > and [. , .] respectively.  

Proof : see [1, Theorem 1]  
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 The first part of the proof consists in finding a nondegenerate  

 – ' – ''-hermitian space wo over k such that (A, *, #, ) is embedded into 

Endk(wo) in such a way that wo is a balanced A-module (that is, A = EndB 

(wo) if B=EndA(wo)). Our construction involves the three commuting 

involutions of A and consists in a convenient triple of the representation 

used in [1]. 

Theorem 2. let (A, *, #, ) be a unital finite-dimensional algebra with 

commuting involutions over (k, –) and let , ', '' in k such that   = ' '  

= '' ''  = 1. Then there exists (wo , <. , . > , [. , . ] , (. , .) ), where wo is a 

finite-dimensional vector space over k which is a balanced left A-module (in 

fact, wo contains A as a direct summand) and <. , .> , [. , .] ,  

(. , .) are nondegenerate -hermitian, '-hermitian and ''-hermitian forms in 

wo, respectively, in such a way that the associated representation of A in wo 

becomes an isomorphism of algebras with three involutions of (A, *, #, ) 

into (Endk(wo), ,  ,), where ,  and  are adjoint involutions in 

Endk(wo) determined by <. , .> , [. , .] and (. , .), respectively. 

Proof. Consider the vector space wo : = U1  U2  U3  U4  U5  U6, 

where U1 = U3 = U5 = A and U2 = U4 = U6 = Homk (A, k). Endow wo with 

the structure of faithful left A-module given by : 

a (x1, f1, x2, f2, x3, f3) : = (ax1, f1oLa*, a
*#x2, f2oLa#, a

*# x3, f3oLa) for all a in 

A and (x1, f1, x2, f2, x3, f3) in wo. The mapping <. , .> from wo x wo in to k 

defined by  
 

< (x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3) > : =  

f1(y1) + f2(y2) + f3(y3) +  (g1(x1) + g2(x2) + g3(x3)) 
 

is a nondegenerate -hermitian form satisfying  
 

< a (x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3) > =  

< (x1, f1, x2, f2, x3, f3), a*(y1, g1, y2, g2, y3, g3) > ,  
 

and therefore the representation of A on wo becomes an isomorphism of 

involutive algebras from (A, *) into (Endk (wo), ), where  denotes the 

adjoint involution with respect to <. , .>. Furthermore, the mapping [. , .] 

from wo x wo into k defined by  
 

[(x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3)] : =  

f1(y2) + f2(y3) + f3(y1) + ' (g1(x2) + g2(x3) + g3(x1)) 
 

is a nondegenerate '-hermitian form satisfying 
  

[a (x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3)] =  

[(x1, f1, x2, f2, x3, f3), a
#(y1, g1, y2, g2, y3, g3)] , 
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and so the representation of A on wo also becomes an isomorphism of 

involutive algebras from (A, #) into (Endk (wo), G), where G denotes the 

adjoint involution with respect to [.,.]. furthermore, the mapping (. , .) from 

wo x wo into k defined by  

 

((x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3)) : =  

f1(y3) + f2(y1) + f3(y2) + '' (g1(x3) + g2(x1) + g3(x2) ) 

is a nondegenerate ''-hermitian form satisfying 
 

[a (x1, f1, x2, f2, x3, f3), (y1, g1, y2, g2, y3, g3)] =  

[(x1, f1, x2, f2, x3, f3), a(y1, g1, y2, g2, y3, g3)] , 
 

and so the representation of A on wo also becomes an isomorphism of 

involutive algebras from (A, ) into (Endk(wo), F), where F denotes the 

adjoint involution with respect to (. , .). Therefore, the representation of A 

on wo is an isomorphism of algebras with three involutions. Since wo 

contains the "regular" A-module A as a direct summand, it is balanced (see 

[4, P. 451]).  

Remark 1. The involutions ,  and  in Endk(wo) obtained in the above 

proof are not necessarily commuting. Since wo = U1  U2  U3  U4  U5 

 U6 we can represent each T in Endk (wo) as a 6x6 homomorphism matrix.  
 

T = 



























666564636261

565554535251

464544434241

363534333231

262524232221

161514131211

TTTTTT

TTTTTT

TTTTTT

TTTTTT

TTTTTT

TTTTTT

  

 

Where Tij  Homk (Uj, Ui) for i , j  { 1, 2, 3, 4, 5, 6 }. It is easy to verify 

that  
 

T = 







































556535451525

566636461626

536333431323

546434441424

516131411121

526232421222

TTΣTTΣTTΣ

TΣTTΣTTΣT

TTΣTTΣTTΣ

TΣTTΣTTΣT

TTΣTTΣTTΣ

TΣTTΣTTΣT

 

 

, 
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T = 







































112131415161

122232425262

132333435363

142434445464

152535455565

162636465666

TTΣ'TTΣ'TTΣ'

TΣ'TTΣ'TTΣ'T

TTΣ'TTΣ'TTΣ'

TΣ'TTΣ'TT'ΣT

TTΣ'TTΣ'TTΣ'

TΣ' TT Σ'TT Σ'T

 

And  

T = 







































552535651545

522232621242

532333631343

562636661646

512131611141

542434641444

TTΣ''TTΣ''TTΣ''

T'Σ'TT'Σ'TT'Σ'T

TTΣ''TTΣ''TTΣ''

T'Σ'TT'Σ'TT'Σ'T

TTΣ''TTΣ'TTΣ''

T'Σ'TT' Σ'TT' Σ'T

 

 

Therefore 
   

T = 







































222124232625

121114131615

424144434645

323134333635

626164636665

525154535655

TTΣΣ'TTΣΣ'TTΣΣ'

TΣΣ'TTΣΣ'TTΣΣ'T

TTΣΣ'TTΣΣ'TTΣΣ'

TΣΣ'TTΣΣ'TTΣΣ'T

TTΣΣ'TTΣΣ'TTΣΣ'

TΣΣ'TTΣΣ'TTΣΣ'T

 

 

T = 







































222124232625

121114131615

424144434645

323134333635

626164636665

525154535655

TTΣ'ΣTTΣ'ΣTTΣ'Σ

TΣ'ΣTTΣ'ΣTTΣ'ΣT

TTΣ'ΣTTΣ'ΣTTΣ'Σ

TΣ'ΣTTΣ'ΣTTΣ'ΣT

TTΣ'ΣTTΣ'ΣTTΣ'Σ

TΣ'ΣTTΣ'ΣTTΣ'ΣT

 

 

And  

 

, 
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T = 







































222124232625

121114131615

424144434645

323134333635

626164636665

525154535655

TT ΣΣ''TT ΣΣ''TT ΣΣ''

T'ΣΣ'TT'ΣΣ'TT'ΣΣ'T

TT ΣΣ''TT ΣΣ''TT ΣΣ''

T'ΣΣ'TT'ΣΣ'TT'ΣΣ'T

TT ΣΣ''TT ΣΣ''TT ΣΣ''

T'ΣΣ'TT'ΣΣ'TT'ΣΣ'T

 

 

As a result, ,  and  are commuting if and only if   ' = ' =   '' = 

''  , or equivalently 2 = '2 = ''2. 

Proof of Theorem 1. let (A, *, #, ) be a unital finite-dimensional algebra 

with commuting involutions over (k, –) and let , ', '' in k such that  

   =   ''  =   ''''  =1. By Theorem 2 there exists (wo, <.,.>, [.,.] , (.,.)), 

where wo is a finite-dimensional vector space over k which is a balanced left 

A-module and <.,.>, [.,.] and (.,.) are nondegenerate -hermitian, '-

hermitian and ''-hermitian forms in wo, respectively, in such a way the 

associated representation of A in wo becomes an isomorphism from (A, *, #, 

) into (Endk(wo), , , ), where ,  and  are adjoint involutions in 

Endk(wo) determined by <.,.>, [.,.] and (.,.), respectively. Let m denote the 

dimension of B = EndA(wo). Put (w, <.,.>, [.,.], (.,.)) : = (wo, <.,.> , [.,.] , (.,.)) 

 ……....  (wo, <.,.>, [.,.], (.,.)), and consider Endk(wo) embedded 

diagonally in Endk(w). By the final step of the proof of theorem 1 in [1] 

applied to <.,.>, [.,.]  and (.,.) there exists F in Endk(w) such that A=EndC(w) 

= EndD(w) = EndH(w), where C and D (resp. H) denotes the  – subalgebra 

and  – subalgebra (resp. O – subalgebra) of EndK(w) generated by F. Let 

us denote by E the –  – – subalgebra of Endk(w) generated by F. 

Since C, D, H  E, it follows that EndE(w)  EndC(w) = EndD(w) = EndH(w) 

= A. On the other hand, A is a –  – – subalgebra of Endk(w) whose 

elements commute with F, therefore EndA(w) is a –  – – subalgebra 

of Endk(w) containing F, and so E  EndA(w). From this, A  EndE(w).  

 

m + 2 
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Remark 2. The process of representing the algebras of commuting 

involutions can be explained through the following diagram :  

 

No. of 

involution 

Underliny vector – 

space of represented 

algebra 

Construction of 

Nondegenerate form 

with respect to 

involution 

Generator of 

represented 

algebra with 

involution 

The condition on 

the element of the 

field k, where 

, ,… k 

N=1 wo = U1  U2 < . , . > 
T  Endk(wo) 

and T  M2x2(¢) 
 =1 

N=2 wo= U1U2U3U4 < . , . > , [. , .] 
T  Endk(wo) 

and T  M4x4(¢) 
 =' ' = 1 

N=3 wo= U1 …….. U6 <. , .> , [. , .] , (. , .) 
T  Endk(wo) 

and T  M6x6(¢) 

  = ' '  = 

'' ''  = 1 

N=4 wo= U1 …….. U8 <.,.> , [.,.] , (.,.) , {.,.} 
T  Endk(wo) 

and T  M8x8(¢) 

  = ' '  = 

'' '' = ''' ''' =1 

N=5 wo= U1……..U10 
<.,.>, [. , .], (. , .), {. , .}, 

(( . , . )) 

T  Endk(wo) 

and TM10x10(¢) 

  = ' '  = 

'' '' = ''' '''  = 

'''' ''''  = 1 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 
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