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ABSTRACT
Algebras with three commuting involutions are represented as
commutants of one-generated < — [ — O subalgebras of algebras of vector-
space endomorphisms where < — [ and O are involutions of a prefixed

type.
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Introduction and Preliminaries

Throughout this paper (k, —) denotes a field with an involution and
the terminology of algebra and algebra involution is relative to (k, -). A
systematic study of representation theory for algebras with involutions was
given in [6] by Quebbemann and he proved that (involutive unital finite-
dimensional algebras can be represented as commutants of one-generated
self-adjoint subalgebras of algebras of vector-space endomorphisms) and
later the representation theory for algebras with involutions has been extend
to algebras with two commuting involutions by Cabrera and Mohammed see

[1].

We begin by summarizing some definitions and fundamental
concepts. An involution * in an algebra A is a mapping a = a* of A into it
self satisfying (a+b)* = a* + b*, (aa)* = olla* (where — denote the
conjecate of complex number), (ab)*=b*a* and a**=a for all a, b in A and
o in k see[l]. A subalgebra of A globally invariant by * is called a
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* —subalgebra. If B isa * — subalgebra of A, then its centralizer in A given
by

{aeA:ab=baforallbinB },

Is also a * — subalgebra of A see [1].

Involutive algebras can be constructed from the consideration of
nondegenerate hermitian spaces. Recall that, for 2'in k satisfying 2% =1, a
nondegenerate X—hermitian form in a vector — space M over k is a mapping
<.,.>from M x M into k satisfying
<m+mym>=<mm>+<mm><omm>=ag<mm>
<m,m>=3<m',m>
for all mg, mg, m, m"in M and o ink, and <m, m' > = 0 for all m" implies
m=0 see [1]. If M has finite dimension, then the algebra Endx(M) of all
endomorphisms of M with the adjoint involution F = F < given by
<F(m), m'>=<m, F®(m') >
for all m, m"in M see [1].

If (A, * # 0), (B, &, [7,0) are algebras with three commuting
involutions, an isomorphism between (A, *, #, 6) and (B, <, 7 O) is an
algebra isomorphism ¢ from A onto B satisfying ¢(a*) = #a)°, #a*) =
#a)® and ¢(a®) = ¢(a)" for all a in A. In this case (A, *, #, 6) and (B, <, [7
, O) are said to be isomorphic see [1].

Our main result is the following :

Theorem 1. Let (A, *, #, 6) be a unital finite-dimensional algebra with
commuting involutions over (k, -) and let %, 2, 2" in k such that 2% =X'%'

=2"%¥" =1. Then there exist a finite-dimensional vector space w over k, a
nondegenerate X-hermitian form <., .>, a nondegenerate X'-hermitian form
[., .], a nondegenerate X"-hermitian form [., .], and F in Endk(w) such that
(A, *, #, o) is isomorphic to the centralizer of the <&- [7— O- subalgebra
of Endk(w) generated by F, where <, [7and O are adjoint involutions in
Endk(w) determined by <., .>, [.,.]Jand (., .), respectively.

We will follow the lines of the following lemma : Let (A, *, #) be a
unital finite-dimensional algebra with commuting involutions over (K, -)
and let ¥, 2" in K such that X = 3'3' = 1. Then there exist a finite-
dimensional vector space W over K, a nondegenerate 2-hermitian form <.,.>
in W, a nodegenerate 2'-hermitian from [., .] in W, and F in Endk(W) such
that (A, *, #) is isomorphic to the centralizer of the - [/ subalgebra of
Endk(W) generated by F, where <& and /7 are adjoint involutions in
Endk(W) determined by <., .>and [., .] respectively.

Proof : see [1, Theorem 1]
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The first part of the proof consists in finding a nondegenerate
X— X' — X"-hermitian space W, over k such that (A, *, #, o) is embedded into
Endk(wo) in such a way that wo is a balanced A-module (that is, A = Ends
(wo) if B=Enda(wo)). Our construction involves the three commuting
involutions of A and consists in a convenient triple of the representation
used in [1].

Theorem 2. let (A, *, #, 6) be a unital finite-dimensional algebra with
commuting involutions over (k, —) and let 2, 2*, 2" in k such that 2’2 = >'¥'
= 2"¥" = 1. Then there exists (Wo , <.,.>,[.,.],(.,.)), where wy is a
finite-dimensional vector space over k which is a balanced left A-module (in
fact, wo contains A as a direct summand) and <. , > , [, ],
(., .) are nondegenerate X-hermitian, '-hermitian and X"-hermitian forms in
Wo, respectively, in such a way that the associated representation of A in wo
becomes an isomorphism of algebras with three involutions of (A, *, #, o)
into (Endk(wo), <&, L7,0), where <&, [7and O are adjoint involutions in
Endk(wo) determined by <., .>,[.,.]and (., .), respectively.

Proof. Consider the vector space wo : = U1 @ U, @ Uz @ Us @ Us @ Us,
where U1 = Uz = Us = A and Uz = Us = Us = Homi (A, k). Endow w, with
the structure of faithful left A-module given by :

a (x1, f1, Xz, f2, X3, f3) © = (axu, f10Lax, @¥x2, f20Las, @ #9Xs, f30Las) for all a in
A and (x, f1, X2, f2, X3, f3) In Wo. The mapping <., .> from wo X Wo in to k
defined by

< (xq, f1, X2, f2, X3, f3), (Y1, 91, Y2, O2, ¥3, Q3) > : =

fa(ys) + fa(y2) + fa(ys) + 2'(gu(x2) + g2(x2) + ga(xs))
is a nondegenerate X-hermitian form satisfying

< a(xy, f1, X2, f2, X3, f3), (Y1, 01, Y2, 92, ¥3, 93) > =

< (X1, f1, X2, f2, X3, f3), @*(y1, O1, Y2, 92, Y3, 93) >,

and therefore the representation of A on w, becomes an isomorphism of
involutive algebras from (A, *) into (Endk (wo), <*), where < denotes the
adjoint involution with respect to <. , .>. Furthermore, the mapping [. , .]
from wo X W into k defined by

[(x1, f1, X2, T2, X3, f3), (Y1, O1, Y2, 92, Y3, 93)] : =

fi(y2) + fa(ys) + fa(y) + 2 (9a(x2) + ga(x3) + gs(x1))
is a nondegenerate X'-hermitian form satisfying

[a (x1, f1, X2, T2, X3, f3), (Y1, 01, Y2, 02, V3, 93)] =
[(x1, f1, X2, T2, X3, f3), @*(y1, 91, Y2, 02, Y3, 93)] ,
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and so the representation of A on wo also becomes an isomorphism of
involutive algebras from (A, #) into (Endk (Wo), G), where G denotes the
adjoint involution with respect to [.,.]. furthermore, the mapping (. , .) from
Wo X Wo into k defined by

((Xl, fl, X2, f21 X3, f3)a (yl’ 01, Y2, 02, Ys, g3)) .=

fi(ys) + fa(ys) + fa(y2) + 2" (91(xs) + ga(x1) + ga(x2) )

is a nondegenerate X"-hermitian form satisfying

[a (X1, f1, X2, T2, X3, f3), (Y1, 91, Y2, O2, V3, 93)] =

[(x1, f1, X2, T2, X3, f3), @%(y1, 91, Y2, 92, V3, 93)] ,

and so the representation of A on wo also becomes an isomorphism of
involutive algebras from (A, o) into (Endk(wo), F), where F denotes the
adjoint involution with respect to (. , .). Therefore, the representation of A
on Wo is an isomorphism of algebras with three involutions. Since wo
contains the "regular" A-module A as a direct summand, it is balanced (see
[4, P. 451]).m

Remark 1. The involutions <, [7and O in Endk(wo) obtained in the above
proof are not necessarily commuting. Since wo = U1 @U; @ Uz @Us @ Us
@ Ue we can represent each T in Endk (wWo) as a 6x6 homomorphism matrix.

Tll T12 T13 T14 T15 TlG

24

Y
—

T

u T
T
T

(S
w
(5]
B

_|
a
_|
8
— 4 - 4 -
w
_|
&

8
—

=

T65

6

Where Ti; € Homk (Uj, Ui) fori, j e {1, 2, 3,4,5,6} Itiseasy to verify
that

T2'2 ZT 1'2 T4’2 ZT 3'2 T612 ZT 5'2
ZT 2,1 _Tl!l ZT 4!1 _T3’l ZT 6!1 _TS!l
Ty 2T, Ty 2Ty, Ty 2T
STy Ty 3Ty T ITy T
T 2T T 2T T 2Tg
ZT 2,5 Tl; ZT 4!5 T3,5 ZT 6’5 T5'5
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T 2T T 2'Ty Tp 2T
Mo T 2T T 2T Ty
o= Te  2Te To 2Ty Ty 27T,
E ’TG’3 _T5’3 2 ’T4’3 _T3l3 2 ’TZ'3 _Tlgi
T, 2'T, T, 2T, T, 2T,
Z ,T6,l T5l1 2 I'|'4'1 T3,1 2 ,TZ'l Tl’l
And
T, 2T, T, 2T, T, 2T
2 ' ’T4'1 _Tl’l E ’T6,1 _TS,1 2 ' ,T2'1 _TS'1
T O = T4’6 2 ’leﬁ TG’G Z ‘T3,6 T2’6 2 ﬁT5'6
2 ' 'T4’3 _Tl'S Z ' 'T6’3 _TS,S 2 ' ,TZIS _TSIS
T, 2T, T, 2Ty, T, 25
2 ' ’T4,5 Tl; 2 ' ’T6,5 T3'5 2 ' ’T2,5 T5,5
Therefore
Te 23T, Ty DTy Ty 2IT,
T, T XET, T, XETL T,
too=| Ts 22T Ty AT, Ty XITh
T, T, X»ET, T, XET, T,
Ts 22T Ty 22T, Ty 22Ty
»yT. Ty XETL T, XITL T
T, 22T, T, XX, T, ZXT.,
TITE T XXTL T, XL T,
toos| Ts  IETy Ty IXT, Ty XX
xxT, Ty xxXT, T, 2XT T,
T, XxT. T, T, T, 23T,
YT T XXTL T, XXT T
And
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T, 22T, T, 22T, T, 2T,
0550 A A %55 KA MR X5 KA KA

T, yTL 0 TL 3T, T 00 M
»xT, Ty XET, T, 2EXT, T

T4 2T, T4 T, Ty 2ET
Ty Ty XxT LT, XETL T,

T¢O =

As a result, &, [7and O are commuting if and only if & ==X ¥ =3"'s =
T X", or equivalently 32 = 32 = 32,

Proof of Theorem 1. let (A, *, #, ©) be a unital finite-dimensional algebra
with commuting involutions over (k, —) and let X, X', 2" in k such that
¥ =%¥%Y =X'Y" =1 By Theorem 2 there exists (Wo, <.,.>, [...] , (.,.)),
where W is a finite-dimensional vector space over k which is a balanced left
A-module and <.,.>, [.,.] and (.,.) are nondegenerate X-hermitian, X'-
hermitian and X"-hermitian forms in wo, respectively, in such a way the
associated representation of A in wo becomes an isomorphism from (A, *, #,
o) into (Endk(wo), <, LJ, O), where <, [Jand O are adjoint involutions in
Endk(wo) determined by <.,.>, [.,.] and (.,.), respectively. Let m denote the
dimension of B = Enda(Wo). Put (w, <.,..>, [.,.], (.,.)) : = (Wo, <.,.>, [.,.], (.,.))
@ Mt2 @ (wo, <.,> [.], (..), and consider Endk(w,) embedded
diagonally in Endk(w). By the final step of the proof of theorem 1 in [1]
applied to <.,.>, [.,.] and (.,.) there exists F in Endx(w) such that A=Endc(w)
= Endp(w) = Endn(w), where C and D (resp. H) denotes the < — subalgebra
and /- subalgebra (resp. O — subalgebra) of Endk(w) generated by F. Let
us denote by E the &- [7— O- subalgebra of Endk(w) generated by F.
Since C, D, H c E, it follows that Ende(w) < Endc(w) = Endp(w) = Endn(w)
= A. On the other hand, A is a - [7— O- subalgebra of Endk(w) whose
elements commute with F, therefore Enda(w) is a &— 7 — O- subalgebra
of Endk(w) containing F, and so E < Enda(w). From this, A < Endg(w).
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Remark 2. The process of representing the algebras of commuting
involutions can be explained through the following diagram :

Underliny vector —

Construction of

Generator of

The condition on

No.of [ = of representeq| Nondegenerate form | represented the element of the
involution |*P al egra with respect to algebrawith | field k, where
Y involution involution Y. .. ek
~ B T & Endi(wo) -
N—l Wo - Ul @UZ < oy > and T c M2x2(¢) EZ —1
T e Endk(w = =
N=2 Wo= U1PU,AU3BU, <.,.>,[.,] andET c h;ix;z)q:) y=x3=1
B _ TeEndwo) | 22 =23 =
N—3 Wo= Ul@ ........ @JG <. ’ > ’ [ ’ ] 1 ( ' ) and T e M6x6(¢) 2.§| - 1
B _ TeEndwo) | 22 =23 =
N=4 W= U1 @ ........ @Jg| <..>, [,] ) (,) ) {’} and T e M8x8(¢) E'E' = 2"2T| =1
e L 16 E 3| Tetnmy | 2 TEEE
—_ (EERE NN KRR FRA CEEERY SER AN §) € k 0, ,_ll_ "Tl_
N—5 Wo— Ul@ ........ CH.J]_O (( . )) and TEM10X10(¢) 2 2 —_E Z -
2," zllll — l
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