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ABSTRACT

In this paper, we introduce a new ring which is a generalization of
Von Neumann regular rings and we call it a centrally regular ring. Several
properties of this ring are proved and we have extended many properties of
regular rings to centrally regular rings. Also we have determined some
conditions under which regular and centrally regular rings are equivalent.
Keywords: regular rings, centrally regular rings, indecomposable,
multiplicative system, Jacobson radical.
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Let R be a ring. A nonempty subset s of R is called a
multiplicative system in R if 0¢S and a,beS implies that abeS (Larsen
and McCarthy, 1971) and a multiplicative system S is called a central
multiplicative system if [S,R]={0}, where [S,R]={[s,r]:seS,reR} and
[s,r]=sr—rs(Jabbar and Majeed, 2008). If s is a central multiplicative
system in R, then one can easily show that Rg ={am :acR,me S} is aring
under the following operations of addition and multiplication:

(0): a,+b, =(na+mb),, and (ii): a,b, =(ab)y,,, for all a, b, eRs (Jabbar,
2007) and this ring is known as the ring of quotients of R with respect to
the central multiplicative system s or the localization of R at the central
multiplicative system S, where a,, is the equivalence of (a,m) in RxS
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under the equivalence relation (~) defined as follows: If (a,m),(b,t)eRxS
then (a,m)~(b,t) if and only if there exists seS such that s(ta—mb)=0

(Jabbar, 2007).

Aring R is called a regular ring (Von Neumann), if for every aeR,
there exists beR such that a=aba (Goodearl, 1979) and an ideal 1 of R is
called a regular ideal if, for every a1, there exists bel such that a=aba
(Goodreal, 1979). The Jacobson radical of R, denoted by J(R), is the

intersection of all maximal ideals of R, that is, J(R):ﬂlvl ,M is a maximal
M

ideal of R (Larsen and McCarthy, 1971). A ring R with identity 1 is called
indecomposable ring if B(R)={01}(Al-Hazmi, 2005), or equivalently, R is
called indecomposable if the only non zero central idempotent element of R
is the identity 1 (Burgess and Raphael, 2008).

Remarks: (Jabbar, 2007)

If R isaring. and s is a central multiplicative system in R then:
1: For all ses, we have 0g is the zero of Ry and 0, =0,, forall m,nes.
Also, for all ses, we have Sq is the identity element of R and it is easy to
see that m, =n, forall mnes.
2: If a, b eRy, where abeR and miteS , then a,=b, if and only if
(a,m)~(b,t) if and only if there exists seS such that s(ta—mb)=0 and
a,, =0 if and only if there exists ueS such that ua=0.
3:If riseR and m,nes, then we have s, +(-s), = (ns—ns),,=0,,=0, and
hence (-s),=-s, and now (r+s),=m,(r+s), =(mr+ms),, =r,+s, and
(F=8)y =(r+(=8 )y =T +(=5)n =Ty =S -
4: It is necessary to mention that, if S is a central multiplicative system in
R, then [S,R]={0} and hence S<Zz(R), where Z(R), is the center of the
ring R, thatis, sr=rs, forall seS,reR.

Known Results:
The following are known results, we use them to drive our main
results and one can see their proofs in the indicated references.

Lemma A: (Jabbar, 2007) Let R be a ring with identity 1 in which every
non zero element of z(R) is a unit in R. If S is a central multiplicative

systemin R and A, B are ideals of R such that Ag =Bg , then A=B.

Theorem B: (Goodearl, 1979) Let R be a regular ring with identity 1.
Then:
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1: All one-sided ideals of R are idempotent, and as a consequence to this:
all ideals of R are idempotent.

2: The Jacobson radical of R is zero.

Lemma C: (Jabbar, 2007) If R is a ring in which z(R) contains no proper

zero divisors of R, then z(R)—-{0} is a central multiplicative system in R.

Lemma D: (Jabbar and Majeed, 2008) Let R be a ring and S is a central
multiplicative system in R. If A and B are ideals ( resp. left ideals or right
ideals ) of R, then A;B; =(AB); and (A+B)s = A +Bs.

Lemma E: (Jabbar, 2007) Let R be aring and s is a central multiplicative
system in R. If K is a maximal ideal of Rg then there exists a maximal
ideal M of R, whichis disjoint from s and such that K =M.

Theorem F: (Goodearl, 1979) If R is a regular ring, then its center, z(R),
Is also a regular ring.

Lemma G: (Jabbar and Majeed, 2008) If R is a ring and S is a central
multiplicative system in R, then (Z(R))s c Z(Rs ).

Theorem H: (Goodearl, 1979) Let R be a ring with identity and J be an
ideal of R. Then R isregular if and only if J and ? are both regular.

Theorem I: (Goodearl, 1979) A ring R is regular if and only if all ideals of
R are idempotent and % is regular for all prime ideals P of R.

Lemma J: (Jabbar, 2007) Let R be aring and S is a central multiplicative
system in R. If K is a prime ideal of Rg then there exists a prime ideal P

of R, whichis disjoint from s and such that K =Pg.

Theorem K: (Goodearl, 1979) Let R be aring and let M ={xeR:RxR is a
regular ideal }. Then

1: M isaregularideal of R.
2: M contains all regular ideals of R.

3: % has no non zero regular ideals.

Lemma L: (Jabbar, 2007) Let R be aring and S is a central multiplicative
system in R. If I’ is an ideal of Rq, then there exists an ideal I of R such

that 1'=15.
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Theorem M: (Tuganbaev, 2002 ) Let R be a ring with identity. Then the
following conditions are equivalent:

1: R isregular.

2: Every principal left ideal of R is generated by an idempotent.

3: Every principal right ideal of R is generated by an idempotent.

4: Every finitely generated left ideal of R is generated by an idempotent.

5: Every finitely generated right ideal of R is generated by an idempotent.

Theorem N: (Tuganbaev, 2002)
Let R be a non zero regular ring, then R is indecomposable if and
only if zZ(R) is afield.

The Main Results:

We mention that in all what follows R is a ring with identity unless
otherwise stated.

Now it is the time to introduce the following definitions.

Definitions:
We call R a centrally regular ring if Rg is a regular ring for each

central multiplicative system S in R and also we call an ideal J of R a
centrally regular ideal if Jg is a regular ideal of Ry for each central
multiplicative system S in R.

It is easy to prove that every regular ring is a centrally regular ring.

Theorem 1:
If R is a regular ring, then it is centrally regular and also, a regular
ideal is centrally regular.

Proof:

The proof'is easy m .

In general, a centrally regular ring may not be regular as we see in
the following example.

Example:
Consider the ring (2Zg . +;.5), Where 2zg ={0,2,4,6}. It is easy to

check that this ring is not regular. On the other hand, if 22g is not centrally
regular then there exists a central multiplicative system S in 22g such that
(22g)g is not regular. But the only subset of 2Zg which do not contain 0

are the following, {23}{43}{63}{2.4}{2,6}{4,6} and {2,4,6}, so that S
must be one of these sets. By simple computations one can easily see that
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non of these sets is a multiplicative system in 22g which is a contradiction.
Hence 2zg is a centrally regular ring which is not regular.
Lemma 2:

If every non zero element of z(R) is a unitin R, S is a central
multiplicative system in R and A, B are ideals ( resp. left ideals or right
ideals ) of R such that Ag =Bg then A=B.

Proof:
One can use the same argument as in the proof of Lemma A, and
getting the result m .

Lemma 3:

If every nonzero element of z(R) is a unit in R, then Z(R)-{0}
contains no proper zero divisors of R.
Proof:

The proof'is easy m .

Now we give a condition under which the properties of regular rings

given in Theorem B and Theorem F can be extended to centrally regular
rings.

Theorem 4:
Let R be a centrally regular ring in which every non zero element of
Z(R) isaunitin R. Then show that:

1: All one-sided ideals of R are idempotent.
2: All ideals of R are idempotent.
3: The Jacobson radical of R is zero, that is, J(R)=0.

4: z(R) is aregular ring.

Proof:

1: By Lemma 3, we have z(R)-{0} contains no proper zero divisors of R
and by Lemma C, we have z(R)-{0} is a central multiplicative system in
R. If we put s=2z(R)-{0}, then since R is a centrally regular ring, so R

is a regular ring. Now let A be any left ideal of R. It is easy to check that
Ag is a left ideal of the regular ring R . Hence by Theorem B, we get A

is idempotent, that is, (Aq)2=A,. But, then from Lemma D, we get
(As)2 =(A%);. Hence we get (A2), =A. Then by Lemma 2, we get

AZ-A. Sothat, A is idempotent and if A is a right ideal, then by the same
argument we can show that A is again idempotent m .
2: The proof is as the same argument as in the proof of (1) m .
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3: From Lemma 3 and Lemma C, we have Zz(R)-{0} is a central
multiplicative system in R, so let s=2z(R)-{0} and since R is centrally
regular, so R is a regular ring and hence by Theorem B, we get J(Rs)=0.
Next, to show (J(R))s = J(Rs). Let ag e(J(R))s, where aeJ(R) and seS.
If K isany maximal ideal of Rg, then by Lemma E, there exists a maximal
ideal M of R such that MnS=¢ and K=M;. Since acJ(R), SO aeM
and thus ageMg =K. Hence a;el(Rg), which implies that
(J(R))s = J(Rg). Thus we get (J(R)) =0. Finally, by using the result of
Lemma 2, we get J(R)=0 m.

4: By Lemma 3 and Lemma C, we have S=2z(R)-{0} is a central
multiplicative system in R and as R is centrally regular, so that R is a
regular ring. Hence by Theorem F, z(Rq) is a regular ring. Now to show
Z(R) is regular. Let aeZ(R). Since 1S, s0 a; €(Z(R))g. Using Lemma
G, we get a; eZ(Rg) and thus, there exists bt €Z(Rs), where beRteS
such that & =agbya) =(aba)y, =(aba) . Then there exists S€S such that
sta=saba. Since s,teS, so they are non zero elements of Zz(R) and hence

they are units in R, thus s~ ,t "1 < R. Next to show that t=1 bez(R). Since
s is central, so for all reR, we have tr=rt. Then t 4rt 2 =t 1ret =1, Hence

rtt=t"1r, so that t™* < Z(R). To show beZz(R). Since by < Z(Ry), so for
all reR, we have (br)t =btr =rtby =(rb)¢ . Hence there exists ueS such
that utt(br—rb)=0. Then, since wu,teS, we get that wut are
non zero elements of z(R) and thus ultler. Then
br—rb=t %t Lulute(br —rb)=t "kt lu=l0=0. So that br=rb, for all rer and
thus bez(R). Hence tbez(R). Since s is central, so we get
a=t L5 lsta=tIs~lsapa=atlba, where tbez(R). Hence Zz(R) is a
regular ring m .

Next we prove the following result which determines the relation
between the regularity of ideals in the both rings R and R .

Lemma 5:
If every non zero element of z(R) is a unit in R, S is a central

multiplicative system in R and if J is an ideal of R, then J is a regular
ideal of R if and only if Jg is a regular ideal of Ry .

Proof:
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Let J be a regular ideal of R. By using the same argument as in
Theorem 1, we can show that Jg is a regular ideal of Ry .

Conversely, let J be a regular ideal of Ry. To show J is a regular
ideal of R. Let acJ. Then as S =¢, there exists an element se S such that
agels. Hence there exists by eJs, for beJ and tes, such that

ag =aghtag =(aba)gtg- Then there exists ues, such that ustsa=usaba.

Since u ,s,t are all non zero elements of z(R), so u™t,s"2t"1 <R, and then

one can easily get that a=a(s %t b)a, where s t~lbeJ. Hence J is a

regular ideal of R m .
Now, with the aid of the last lemma we can extend the result of
Theorem H, to centrally regular rings.

Theorem 6:
If every non zero element of z(R) isaunitin R and J is an ideal of

R, then R is centrally regular if and only if both J and ? are regular.

Proof:
Let R be centrally regular. To show J and ? are regular. By

Lemma 3 and Lemma C, we have s =2(R)-{0} is a central multiplicative
system in R, so that Rq is a regular ring. Then by Theorem H, we have Jg

and ?—5 both are regular . Hence by Lemma 5, we get J is a regular ideal
S

of R. Next, let r+J e? be any element, where reR. Then as 1eS we get

R . R
neRs and hence r+J.e—, so there exists ac+J.e—>, where
1 S 179Ys 3 S S Js

aeR,seS, such that

n+Js=(n+Js)(ag+Js)(n+Js)=(ragn )+Js =(rar)g +Js . Hence

rn —(rar)g € Js. Then we get

(rs—rar)g =(rs)g —(rar)g =rsg —(rar)g =r —(rar)g € Js . Hence

(rs—rar)g =by, for some beJ teS and thus, there exists uesS, such that
ut(rs—rar)=usb. Since S is central, so we get utsr—utrar =usb. But since
ut,seS, so u,t,s are nonzero elements of zZ(R) and hence they are units of

R, that is, ult2s1er. Then from the last equation we get

1

r-rs ar:t_lbeJ.
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1 1

Put c=s""a,soweget r-rcreJ, where c=s""aeR. Thus

r+J=rcr+J=(r+J)(c+J)(r+J),where c+1J e?. Hence ? is regular.

Conversely, suppose that both J and ? are regular. Then, by Theorem

H, we get R is a regular ring and then by Theorem 1, we get R is centrally
regular m .
Next, we give a condition which makes both rings R and Rg as

indecomposable rings.
Theorem 7:
If R is non zero and z(R) contains no proper zero divisors of R

with S is a central multiplicative system in R, then:
1: R is an indecomposable ring.
2: Rg Is indecomposable ring.

Proof:

1: First, we will show that R is indecomposable, so let a be any non zero
central idempotent element of R. This means that a is a non zero
element of z(R).

Since a is idempotent, so a?=a, that is, a(a-1)=0. If a-1x#0, then a

Is a proper zero divisor of R, which is a contradiction (since z(R)

contains no proper zero divisors of R ) and thus a-1=0, that is,
a=1=the identity of R
and thus R is indecomposable m .

2. Next, to show Ry is indecomposable. Let ag be a non zero central

idempotent element of Rg, where acR,seS. If a=0, then ag =0, which
is a contradiction, so we get a=0. Next to show acz(R). Let reR.
Then, since ag is a central element of Ry, SO ag eZ(Rg) and as rg eRs,
we get agrg =rgag . Hence (ar)gg =(ra)gg, SO there exists teS such that
tss(ar—ra)=0. AS Z(R) contains no proper zero divisors of R, we get
ar=ra, SO that acZ(R). That means a is a non zero element of z(R).

Now, since ag is idempotent element of Ry, so we have (ag )2 =a, .

Hence agag =ag, which implies that (a2 )sg =8¢ =agSg =(as) . By the

same steps, as in the above, we obtain a =as, that is a(a—s)=0. Then, if

a-s=0, then a is a proper zero divisor of R, that means, z(R) contains

the proper zero divisor a which is a contradiction. Hence a-s=0, and
thus a=s, then ag =sg = the identity of
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Rs - So that Rq is indecomposable m .

It is known that, a field contains no proper zero divisors, but the
converse is not true, in general, that is, if z(R) is a field, then it has no

proper zero divisors and now, as a corollary to Theorem 7, we prove that
the converse of the above statement is true also when the ring is a non zero
regular ring, that is, if R is a non zero regular ring and z(R) contains no

proper zero divisors, then z(R) is a field.

Corollary 8:
If R is non zero and regular, for which z(R) contains no proper zero

divisors of R, then z(R) is a field.

Proof:

By Theorem 7, we get R is indecomposable and by Theorem N,
we get that
Z(R) isaficldm.

Next, we generalize the result of Theorem 1, to centrally regular
rings and as follows:

Theorem 9:
If every non zero element of z(R) is a unit in R. Then R is

centrally regular if and only if every ideal of R is idempotent and % IS a
regular ring, for every prime ideal P of R.

Proof:
Let R be centrally regular. From Theorem 4, we get that every ideal
of R is idempotent. Now let P be any prime ideal of R, then from

Theorem 6, we get % is regular.

Conversely, suppose that every ideal of R is idempotent and % is

regular for every prime ideal P of R. To show R is centrally regular. Let
S be any central multiplicative system in R. It is required to show that R

is regular. If 1’ is any ideal of Ry, then from Lemma L , there exists an

ideal 1 of R such that 1'=15. Hence by the given condition we get | is
idempotent and then by using Lemma D, we get
(12 =11"=151g =(12) =15 =1". That is, every ideal of R is idempotent.

Let P’ be any prime ideal of Ry. To show % is regular. By Lemma J,

there exists a prime ideal P of R such that PnS=¢ and P’'=Ps. So that by
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the given condition % is regular. Now let rg +Ps eF;—S, where r e R,seS.

S

Then r+Pe%. As % is regular, there exists a+Pe%, for some aeR, such

that r+P=(r+P)a+P)(r+P)=rar+P. Hence r-rareP. So that
rg —(rar)g =(r—rar)g P . Hence we  get rg +Ps =(rar)g +Ps =
(rar)gsgsg + Ps =(rarss)ggg + Ps =(rassr)ggg + Ps =rg(ass)grg +Ps =

(rg +Ps )((ass)g +Ps )(rg +Ps ), where (ass)g +Ps e%. Thus we get F;—S is
S S

regular, that is % is regular for all prime ideals P’ of Rg. Hence by

Theorem I, we get R is regular and thus R is a centrally regular ring m .

Theorem 10:
If every non zero element of z(R) is a unitin R and xeR. Then

RxR is a regular ideal of R if and only if RxR is a centrally regular ideal of
R.

Proof:
Let RxR be a regular ideal of R. Then, RxR is a centrally regular

ideal of R.
Conversely, let RxR be a centrally regular ideal of R. To show RxR
isaregularideal R. By Lemma 3 and Lemma C, s=2(R)-{0} is a central

multiplicative system in R and thus (RxR)s is a regular ideal of Ry . Now let
axbeRxR be any element, where abeR. As 1eS, we get (axb) e(RxR)s
and hence there exists uyveR,teS such that (axb) = (axb)(uxv) (axb) =

(axbuxvaxb) . Hence there exists se S such that st(axb)=s(axbuxvaxb). Using
the fact that S is central and that non zero elements of z(R) are units in R,

so by simple computations we get axb = axb(t Luxv)axb, where t luxv e RxR.

Hence RxR isaregular ideal of R m .

By using the result of Theorem 10, we can extend the result of
Theorem K, to
centrally regular rings and as follows:

Theorem 11:
If every non zero element of z(R) is a unit in R and let

M ={xeR:RxR is a centrally regular ideal of R }. Then:

1: M isaregular ideal of R.
2: M contains all regular ideals of R.
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3: % has no non zero regular ideals.

Proof:
By applying Theorem 10, we can see that M ={xeR:RxR IS a

centrally regular ideal of R}= {x<R:RxR is aregular ideal of R } and now

by applying Theorem K, the proof will follow at once m .
Now we prove the following lemma, which will be used in driving
our last result.

Lemma 12:
If s is a central multiplicative system in R with 1eS, then
(Rx)s =Rsxg =Rsx and (xR)s =xgRs =xRs, forall xeR and forall ses.

Proof:

Let xeR and seS. To show (Rx); =Rsxg. Let (M) €(Rx)s, where
reR,teS. Then () =(rx)ss =(rs)xs € RsXg, and thus (Rx); = Rsxg and
if it Xs €Rsxg, for reRteS, then fXg =(rx}g €(Rx)s, SO that
Rsxg = (Rx)s . Hence (Rx)s =Rsxg. Next, to show that (Rx)s =Rsx . Since
(rx)g=rgx, for all reR, so we get (Rx);=Rsx. Hence we get
(Rx)s =RgXg =RgXq .

The proof of the second part is as the same steps of the proof of the
first part m .

Finally, we generalize the result of Theorem M, to centrally regular
rings and as follows:

Theorem 13:
If every non zero element of z(R) isaunitin R. Then the following

conditions are equivalent:

1: R is acentrally regular ring.

2: Every principal left ideal of R is generated by an idempotent.

3: Every principal right ideal of R is generated by an idempotent.

4: Every finitely generated left ideal of R is generated by an idempotent.
5: Every finitely generated right ideal of R is generated by an idempotent.

Proof:

(1< 2): First, let R be a centrally regular ring. By Lemma 3 and Lemma
C, we get S=z(R)-{0} is a central multiplicative system in R and so that
Rs Isaregular ring. Let Rx, be any principal left ideal of R, where xeR. It
Is easy to show that (Rx)s is a left ideal of Ry. From Lemma 12, we have
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(Rx)s =Rsx; . Hence (Rx)s is a principal left ideal of the regular ring Rg, so

by Theorem M, we get (Rx)s is generated by an idempotent element of R,
say eg, that is, (Rx); =Rseg, Where eg is an idempotent element of R;.

Then we have (e?)gg =(ee)sg =eges =eg =sgeg =(se)gg and since s is
central and non zero elements of z(R) are units in R, we get eZ =se. Since
S is a non zero element of z(R), so it is a unit in R. Hence there exists
ueR such that us=1=su (Note that u=2=s and s™1=u). Next, we will
show ueZz(R). Let reR, then since seS, s0 seZ(R). Hence rs=sr. Then

we get ursu=usru, that is, ur=ru, for all reR, so that uez(R). Then, we

get (ue)? = ueue = uuee =uue? =uuse =ue and thus ue is an idempotent element

of R. To show Rx=R(ue). Let beRx. Then, as 1eS, we have
by €(Rx)s =Rgeg , SO that, by =ktes = (keks, for some keR,teS. Then, there
exists veS, such that vtsb=vke. As viteS, they are units in R.
So that, v1ltler. Then since uez(R), so we have
b=st N hsb=s N hke=ut ke =t Tkue e R(ue). Thus RxcR(ue).
Next, we will show eeRx. Since (Rx);=Rseg, SO we get
eg =sgeg € Rseg = (Rx)s . Hence, there exists ceR,me S such that eg =(cx),.

Then, there exists neS such that nme=nscx. Since n,meS, so they are non

zero elements of z(R) and hence they are units in R, so that n m1

Then we get e=m I Inme=m~InInscx=m~Lscx « Rx. Then, since Rx is a
left ideal of R, so we have r(ue)=rueeRx, for all reR, which means that
R(ue)c Rx. Hence Rx=R(ue), that means Rx is generated by the idempotent

element ve of R.

Conversely, suppose that every principal left ideal of R is generated
by an idempotent. Then, by Theorem M, we have R is a regular ring and
then by Theorem 1, we get R is a centrally regular ring.

(1<>3) We can proceed exactly by the same way as in the previous proof

just by taking xR as a principal right ideal of R and getting the result.
(1< 4)Let R be a centrally regular ring. Again by Lemma 3 and Lemma

C, we get s=Zz(R)-{0} is a central multiplicative system in R and so that
Rs Is a regular ring. Let Rx +Rx, +..+Rxn be any finitely generated left
ideal of R, where x x5 ,...xy eR. Using Lemma D and Lemma 12, we get
(RXq +RXy +..+RXp )s =(R¥q )s +(RXp )s +...4+(Rxp ) =

Rs (¥ ) +Rs(Xy ) +...+Rs(xn ) . That means, (Rx +Rx, +...+Rxp )s is a finitely

eR.
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generated left ideal of the regular ring Ry and thus by Theorem M, we get
that (Rx; +Rx, +..+Rxn)s is generated by an idempotent element of R,

say eg. So that (Rx +Rx,+..+Rxp)s = Rseg, Where eg is an idempotent
element of Ry. Then, since eg is idempotent, so as the same steps as in the
above, there exists uez(R) such that us=1=su, with u=s1,s=u™! and ve
is an idempotent element of R. To show Rx;+Rx,+...+Rxp =R(ue). Let
b e Rx) +RXy +...+ Rxp . Then, as les, we have
bj €(Rx; +RXy +..+Rxn )s =Rseg, SO there exists aeRkeS, such that
by = 3es =(ae)kS . Then, there exists ves, such that vksb=vae. As v,keS,

they are units in R. So that, v-1 k"1 eR. Then since uez(R), so we have
b=s Tk v lksb=sk v vae=uk lae =k lave e R(ue). Thus we get
Rx| +RXy +..+Rxy = R(ue) . Next, we will show eeRx +Rxy +..4+Rxpn. Now,
we have eg=sgegeRseg=(Rx+Rxy+..+Rxpn), SO there exists
¢[.Cy..uCn €R,1eS such that eg =(cyx; +Coxy +..4Cnxp ). Then, there
exists nes such that ﬂ|e=nS(c1xl+02x2 +..4+CnXp). Since n,leS, so they
are non zero elements of z(R) and hence they are units in R, so that
n_1 ,I_1 eR.

Then we get e= I~ Inle = |_ln_1nS(clx1 +CoXo + ...+ CpXp ) =

|_1Sclx1 + |_1Sc2x2 +ot 1 Scpxp < Rx; +RXy +..+Rxy.  Then,  since
Rx; +Rx, +..+Rxy is a left ideal of R, so we have

r(ue)=ruee Rx +Rx, +..+Rxp forall reR, which means that

R(ue) = R¥| +RXp +...+ Rxp . Hence RXq +Rxo +...4+Rxpy =R(ue), that means,
Rx; +Rx, +...+Rxy is generated by the idempotent element ue of R.

Conversely, suppose that every finitely generated left ideal of R is
generated by an idempotent. Then, by Theorem M, we have R is a regular
ring and then by Theorem 1, we get R is a centrally regular ring.

(1<>5) We can proceed exactly by the same way as in the previous proof

just by taking x;R+x,R+..+xnR as a finitely generated right ideal of R and
getting the result m .
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