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ABSTRACT 

          Independence of observations is one of the standard assumption in analysis of 

Variance (ANOVA) table. Where the error terms in the model are independent, 

identically distributed normal variables with null means and homogeneous variances. In 

this paper investigate the effect of dependence of observations in ANOVA for 

unbalanced 2-way nested fixed  model and developing a method for adjusting it. When 

the error terms are correlated and focus on the effects of departures from independence 

assumptions on hypothesis testing by determining the expect mean squares for errors as 

well as treatments for this model and correcting the F statistics for testing the factor 

effect. The model considered is one in which all measurements have same variance
2 , 

and the covariance matrix enjoy a structure defined as follows: every pair of 

measurements comes from:  

i) The same experimental observation and the same experimental unit; 

ii) Different experimental observation, but in the same experimental unit; 

ii) Different experimental unit; 

has covariance 2

2

1

2 ,   and 
3

2   respectively. 

Keywords: analysis of Variance, Independence , distributed normal , correlation , F-

test. 

 اتجاهينذو  في نموذج غير متوازن  F -التصحيح لاختبارعمليات بطة و ار تالبيانات الم تأثير
 يبجإيفان س. كبا

 جامعة صلاح الدين،  كلية التربية

 24/07/2005تاريخ القبول:                                              20/11/2005تاريخ الاستلام: 
 الملخص

الأسـاسـية في جدول تحليل التباين. حيـث تتضمن كون حدود   ضت تعتبر أحد الفرو لية المشاهداأن اسـتقلا
ــولع  الءبيعــي  معــد ت صـــفرعة وتبايجــات  ــععا متمازــل وتتبــ  التـ الأخـــءاف فــي الجمــوير متميــرات ميـــتقلة وعهــون تولعـ

ـتقلالية البيانـات فـي تحليـل الت اـســة تــ توتــير تـمزير تـدل اسـ ـي يت اتجاهـــين متجانيــة. فـي هـال الد بـاين لجمـوير زاتـ
غير متـوالن متشـعب كما تــ تءـوعر يرعقـة لتعـديل التبـاين لعـال المشـاهدات المرتبءـة. هـاا دعجـي أن حـدود الأخءـاف 
تكون مترا ءة وسجيلط الضوف تلى تمزير إلالة شرط ا سـتقلالية تلى اختباـ الفرتيات ويلك تواسـءة حيــا  توعـ  

ـــحير امعـــدل مجمـــوب المربعـــات  ـــءاف، وكـــالك للمعالجـــات فـــي هـــاا الجمـــوير وت ـ ـــتباـ تـــمزيرات  Fح ـــاف لإللأخـ  خـ
وم ـــفوفة التبــاين المشـــترت تتمـــت  تبـــجية  2العامــل. لعــاا نفتــرض نمويجــا جميــ  الهياســـات سيــت تمتلــك نفــ  التبــاين

 معـرفة كما يلي: كل لور من الهياسـات التي تمتي من:
ــلفة ولكــن مــن نفـــ   الوحــد . )( ت1) اـت مـتـ ــلفة تجفـــ  الوحــد . )2كــرا ــلفة لعــا 3( وحــدات جيةيــة مـتـ ( وحــدات مـتـ

1تباين 

2

2

2

3

2 ,,  .تلى التوالي 
 . Fخـتباـ ، ا ا سـتقلالية،  ترا ط، ال التـولع  الءبيعي،  تحليل التباينالكلمات المفتاحية: 
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Introduction 

         The assumption of independence of observation in ANOVA table may seem like a 

reasonable assumption in examining data using experimental designs .Rarely is the 

independent assumption verified in an ANOVA consequently, the analysis of data from 

experimental design is often hampered by lack of technique to correct the usual F-test 

for the effect of correlation. Some researches have been devoted to show that slight 

dependence in the form of serial correlation and interclass correlation can quickly 

inflate the Type I error rate. See[4], [8], [1] and [3] have shown that in an experimental 

design, certain forms of dependence can quickly invalidate the result of ANOVA. How 

small experiment is shown see [6] and see [5] for 2-way corssedand balanced nested 

classifications respectively.      

        The aim of this work explains a method for adjusting ANOVA table when 

observation are correlated, that is, when the error terms are correlated and focus on the 

effects of departures from independence assumption on hypothesis by determining the 

expected mean squares for errors as well as treatments for un balanced two way nested 

fixed effects model (balanced model is special case of un balanced model)and 

correcting the F statistics for testing the factor effect.  

1- Defining the model 

             The model of study occurs in ANOVA, when we have a number of independent 

experimental units  and  each experimental unit has the same number of experimental 

observation and each experimental observation receives different number of treatment. 

See [2], [10], [11]. 

Let ijkY  be the observation of the kth treatment of the jth experimental observation from 

the ith experimental unit with i =1,2,…,m ,  j =1,2, …, p ,k=1,2,…, ijn  

 Let 

ijkijkijkijkijk YeYE  −==       ),(          …(1) 

 Where ijke  is the error term of the measure ijkY . We assume that the ijkY  distributed 

normally with mean ijk  and that the measurements have the same variance 
2 ,and 

every pair of measurements comes from  

i) The same experimental observation and the same experimental unit; 

ii) Different experimental observation, but in the same experimental unit; 

ii) Different experimental unit; 

has covariance  2

2

1

2 ,    and  3

2  respectively. Symbolically 
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

         …(2)    

In this study, we assume that  

ijiijk  ++=           …(3) 

Where R  is the overall mean, i is the effect of the ith experimental unit and ij  is 

the effect of the ith nested experimental observation in the jth experimental unit; such 

that 
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i
i j

iji ==    0   ,0                     …(4)  

Thus from equations (1) and (3) we have 

ijkijiijk eY +++=                                 …(5) 

          The model we consider in this part, which is defined by equations (2), (5), is 

unbalanced 2-way nested effects model. Then from equation (1) the ijke  are distributed 

normally with mean zero and 

),(),( kjiijkkjiijk YYCOVeeCOV  =           …(6) 

         First we discuss ANOVA, concerns with the F statistic for the equality of factor 

level means, and we will discuss correction for correlation. 

2- Analysis of Variance 

          In this section see [2], [9] and [10] we will partition the total sum of square and 

degrees of freedom from the model given in equation (5), in the same way that we 

partition the total sum of square and degrees of freedom in the ANOVA for unbalanced 

2-way nested effects model when the observation are independent .Where we partition 

the total sum of square in the ANOVA table for unbalanced 2-way nested effects model 

to sum of square of factor A, sum of square of factor B and sum of square of error when 

the observation are dependent as follows  
 

SSeSSBSSASSTO ++=                    …(7) 


= = =

−=
m

i

p

j

n

k

ijk

ij

YYSSTO
1 1 1

2

...)(                 …(8a) 


= =

−=
m

i

p

j

iij YYnSSA
1 1

2

..... )(                   …(8b) 


= =

−=
m

i

p

j

iijij YYnSSB
1 1

2

... )(                                                                    …(8c) 


= = =

−=
m

i

p

j

n

k

iijk

ij

YYSSe
1 1 1

2

..)(                   …(8d) 

          

 The degrees of freedom that corresponds to each of the sums ,SSA  ,SSB  ,SSe  

and SSTo  are respectively ,1−m ),1( −pm ),1( −ijnmp 1−mpN  where 

mpnnnnN ++++= ...131211 . Thus, we will determine the expected mean squares 

E(MS). When the observation are not independent by using equation (2) each of the 

MSSA, MSSB and MSSe. 

2.1 Determining expected mean squares sum of square of error E(MSe) 

          Here, we use equation (8d) and the corresponding degrees of freedom for SSe    

)1( 
 

−
=

Nmp
SSeMSe                       …(9) 

 Now using equation (5) we get 

.

1

.  )(
1

ijiji

n

j

ik jijiij ee
N

Y
ij

+++=+++= 
−

                …(10) 

Where .ijY  represent the mean of the jth experimental observation; from the ith 

experimental unit; subtracting equation (10) from equation (5) we get 
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.. ijijkijijk eeYY −=−                     …(11) 

By using equation (8d), (9) and (11) we get 
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Now by taking mathematical expectation for (12) we get 
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Where 

)(     , )(      ,  )( .3

2

.2

2

1 ijijkijijk eeEAeEAeEA ===                                                          …(14)  

 Now using the two equations (1), (2) and (6), we can determine hA  for h=1,2,3 as 

follows 
22

1 )( == ijeEA                                                                                                       …(15a) 
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By substituting equation (15a), (15b) and (15c) in equation (13) we get 

 )1(1(2
)1(

1
             

)2(
)1(

1
)(

1 1

11

2

11

2
2

1 1

321





= =

= =














+−+














+−−

−
=

+−
−

=

p

i

n

j

ij

ij

ij

ij

p

i

n

j

ij

ij

n
n

n
nNp

AAA
Np

MSeE









 

   )1((
1)-P(N

1
          11

2
2 


 N

N
PN +−−=  

   

2

1

1

2

1

2

)-(1          

)1)(1(
1)-(N

          

)1(
1

1(
1)-(N

N
          








=

−−=

+−−=

N

N
N

                                                                  …(16) 

 

2.2 Determining expected mean squares sum of square of factor B E(MSB) 

Using equation (8c) and the corresponding degrees of freedom for SSB  

)1( −
=

pm
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MSB                                                                                                         …(17) 

Now using equation (5) we get 
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Subtracting equation (18) from (10) we get  
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 By using equation (8c), (17) and (19) then 
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Now by taking the mathematical expectation for equation (20) we get 
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Where 
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Using equation (2) and (6) we can determine hB  for h =1,2,3,4 as follows  
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Substituting equation (23a), (23b), (23c) And (23d) in equation (21) we get 
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2.2 Determining expected mean squares sum of square of factor A E(MSA) 

Using equation (8d) and the corresponding degrees of freedom for SSA  

)1( −
=

m

SSA
MSA                                                                                                           …(25) 

Now using equation (5) we get 

...

p

j

n

k

ijkiji

m

i

p

j

n

k

ijk...

eθ     

)eγα(θ
pN

     

Y
mpN

Y

ij

ij

+=

+++=

=





= =

= = =

1 1

1 1 1

1

1

                                                                             …(26) 

Subtracting equation (26) from (10) we get  
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Substituting equation(31a), (31b), (31c) And (31d) in equation (21) we get 
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4.Analysis of variance table 

Analysis of variance table for the model of study, which is given in equation (5), 

is given in table 1. 

Table 1: Analysis of variance 
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Where SSeSSBSSA ,, and SST  are given in equation (8) 
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5. The F test for equality of Factor Level Means 

In the last section, we have prepared the ANOVA table, So in this section we 

will discuss two case for two null hypothesis to know whether the factor level means are 

equal for the first factor and for the second factor, which is the nested factor. Hence, the 

alternative conclusions, which we want to, consider for the model of study, are the 

following .for the first factor is 
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         Because of the additive property for both total sum of squares and degrees of 

freedom, therefore according to cochrans theorem (if all n observations iY  come from 

the same normal distribution with mean   and variance 2 and sum square total SSTO  

is decomposed into k sum square SSr  and every sum with degree freedom rdf  then 
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Where eBA WandWW , are independent of each other, having chi-square 

distribution each with respective degrees of freedom )1(),1( −− pmm  and )1( −Nmp . 

Therefore we can form the *1F  statistic for testing the equality of factor level means of 

the first factor as follows 
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Also, we can form the *2F  statistic for testing the equality of factor level mean of the 

nested factor as follows    
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5. Correcting for correlation’s 

The correcting factor 21   CandC which is given in equation (37), (39) could be in 

the following three cases:  

Case1: the correcting factor =1 

Case2: the correcting factor >1 

Case3: the correcting factor <1 

When we are in the first case, then no correction is needed to correct F test . 

otherwise the correction is essential and we cannot ignore it. 

To find the effect of correlation’s for testing the factors effects in model (5), the 

correcting factors 21   CandC  are calculated for several different values of correlation’s 

21,  and 3  and also for several different values of Npm ,,  are shown in tables 2, 3, 

4 and 5 respectively. 
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Table 2: shows the different values of the correcting factor 1C  

 

 

1  

 

 

2  

 

 

3  4,3,2

4,3,2

18,2,2

232221

131211

===

===

===

nnn

nnn

Npm
 

3,7

6,14

30,2,2

2221

1211

==

==

===

nn

nn

Npm
 

8,9,3

12,6,4

7,6,5

60,3,3

333231

232221

131211

===

===

===

===

nnn

nnn

nnn

Npm
 

.005 

 

.001 

 

.005 

 

.05 

 

.01 

 

.01 

.05 

 

.005 

 

.001 

 

.05 

 

.05 

 

.02 

.02 

 

.002 

 

.001 

 

.05 

 

.055 

 

.01 

        0 .789 

        

        0.985 

 

        0.976 

 

        1 

 

        1.2 

 

        1.398 

          0.678 

  

         0.869 

 

          0.957 

 

          1 

 

          1.467 

 

          2 

           0.613 

 

           0.75 

 

           0.949 

 

              1 

 

            1.588 

 

            2.75 



 The Effects of Correlated Data and Correction Procedures for … 
 

 

 25 









−+−

−
=


= =

)()1(

)1(

2

1 1

1
1

1

1
2




m

i

p

j

ijmp
n

C    

Table 3: shows the different values of the correcting factor 2C  
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Table 4: shows the true alpha level for some different values of 1C  
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 0.109 

 

 0.08 

 

 0.053 

 

 0.025 

  

   0 

   

   0 

 

0.19 

 

0.143 

 

0.097 

 

0 .05 

 

0.003 

 

  0 

  

  0.348     

  

  0.265                        

 

  0.183 

  

  0.1              

 

  0.017 

   

   0         

 

0.408 

  

0.355 

  

0.303 

  

0.25 

  

0.197 

  

0.145 

Table 5: shows the true alpha level for some different values of 2C  

           
  

2C  
 

0.01 

 

0.025 

 

0.05 

 

 0.1          

  

 0.25 

    0.4 

     

    0.6 

 

    0.8 

 

     1 

 

     1.2 

 

     1. 4                

0.044 

 

0.033 

 

0.021 

 

0.01 

   

  0 

   

  0 

0.087 

 

0.067 

 

0.046 

 

0.025 

 

0.002  

   

  0 

0.155 

 

0.12 

 

0.085 

 

0.05 

 

0.011 

 

0.004 

0.294     

 

0.229                       

 

0.165 

 

0.1              

 

0.029 

 

0.008         

 0.361 

  

 0.324 

  

 0.287 

  

 0.25 

  

 0.209 

  

 0.173 
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We can note from table 4,5, that the true   level in flate /deflate when the 

correction factor greater/less than 1,and this leads to have a bigger /smaller rejection 

region for the complete null hypothesis on testing factors. Hence the uncorrected F test 

can be liberal for some tests and conservative for others in ANOVA when the 

correlation structure is ignored. 

6.The Relationship between   and true    

The relationship between values of   when data are uncorrelated and values of 

the true   when data are correlated for different values of the correction factor 21,CC  is 

shown in figure1, 2 when ,2=m  ,2=p  18=N , ,211 =n  ,312 =n  ,413 =n  ,221 =n  

,322 =n 423 =n . 

 

 
Figure1:True Alpha versus Alpha for different values of 1C  

 

 
Figure2:True Alpha versus Alpha for different values of 2C  

7. Conclusion  

Correlation's constant 21,CC  small correlation can be amplified by the number of 

treatment  minij ,..,2,1, = pj ,...,2,1= . And these correlations can thus easily inflate the 

type I error Rate. Table 1.4, 1.5 show that the true alpha inflate/deflate when the 

correction constant greater/less than 1,the uncorrected F test would be liberal test (high 
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type I error rate). In conclusion, The F statistic can be effected by very large 

correlations sometimes the same as very small correlations. That is, the F statistic is 

affected by the value of the correction  constant 21,CC  and not the value of  

correlations. 
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