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Abstract:
A set 5 ¥is said to be dominating set of G if for every

v € IV — S there exists a vertex u € § such that wr € E. The minimum
cardinality of vertices among dominating set of G is called the
domination number of G denoted by y(G).

We investigate the domination number of Tadpole graph, Book graph and
Stacked Book graph. Also we test our theoretical results in computer by
introducing a matlab procedure to find the domination number y(G),
dominating set S and draw this graph that illustrates the vertices of
domination this graphs. It is proved that:

Y (Tm1) = rsz
Y (Tmn) = [+ 55
Y(Bpn) =2

'}”(Bm.n) = n.

Keywords: Dominating set, Domination number, Tadpole graph, Book graph,
stacked graph.
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Y(Tm1) = lm:zJ
Y (Tna) = [+ [
Y(Bm) = 2

Y (Bin) = 1.

Introduction

Throughout this paper graphs, considered here are finite and simple
graph. And [2], [5], [6] are followed for terminology and notation.
Let G=(V, E) be a simple graph, where V and E denoted respectively, the
set of vertices and edges in G. A subset S of V(G) is said to be dominating

a set of G if for every v € IV — § there exists a vertex u € § such that
ur € E(G). The minimum cardinality of vertices among dominating set
of G is called the domination number of G, denoted by y(G),(see [4]).

For any vertex veV the open neighborhood of v is the set:
N(v)={ueVur € E(@)}.

and the closed neighborhood

N[v] = N(v) U {v].

For a set 5 — 1~ the open neighborhood is N(S) = U,.< N(v) and the
closed neighborhood is N[S] = N(S) U S. Aset 5 I/ is dominating set
ifN[S] =V,

(see [1]).

Equivalently we defined the domination number of a graph G, y(G) to be
the order of smallest dominating set of G. A dominating set S with
|S| = v (&) is called a minimum dominating set [12].

The earliest ideas of dominating sets it would seen, data back to the origin
of the game chess in India over 400 years ago, in which one studies sets
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of chess pieces which cover or dominate various opposing pieces or
various squares of the chess board [6].

Many applications of domination theory in wireless communication
networks [7]. Also dominating sets play an important role in much
practical application, for example in the context of distributed computing
or mobile ad-hoc networks [3].

Definition(1): The (m,n)-Tadpole graph, also called dragon graph
denoted by T, ., is the graph obtained by joining a cycle graph C,, to a
path graph P, with a bridge.

The (m,1)-Tadpole graph is sometimes known as the m-Pan graph. The
particular cases of the (3,1)-and (4,1)-Tadpole graphs are known as the
Paw graph and Banner graph, respectively [9].

§_‘
T4.1
Ts,4

T3,
Til-_..?.
Ts 5

Fig.1: Tadpole graph
Definition (2): The Book graph denoted by B, is defined as the
Cartesian product S, ., X P, where §_ .. is a star graph and P, is the

path graph on two Vvertices [10].
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Bs By Bs

Fig.2: Book graph

Definition (3): The Stacked Book graph denoted by E,,., is defined as

the Cartesian product S, ., x P, where P, is the path graph on n
vertices [11].

BBE BS,S

Fig.3: Stacked Book graph

Also we need the following theorem in our work:

Theorem (1): ([8], p.546)

A dominating set D of a graph G is minimal if and only if for each vertex
17 € D one of the following conditions satisfied

(i) There existavertex u €V — D such that N(u) n D = {v}
(i)v is an isolated vertex in D .

Note: As usual we uselx]| for the smallest integer not greater
than x.
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On domination numbers of Tadpole graph Lo,
In this section we first give the results of the special cases of
Tadpole graph T, ,, as Paw graph T; ,;, Banner graph T, , and Pan graph

T,.. 1 then, we generalize the results for any (m) and (n) except the case of
Tadpole graph T - .
Proposition (1): the domination number of Paw graph 75 ; is 1
(le. y(Tz1)=1).
Proof: Let the vertices of this graph indicated as:
V(T,.) = {vy,v,,v5,0,}. (See Fig.4)

Vo

Vy

Fig.4

We gave the dominating set of this graph by § = {v, }.

The minimality of the set S is very easy since S consist of one vertex that
we cannot find a proper subset of S (as theorem (1)).

So S is minimum

S ]’(Ta.l) =|5l=1 .0
Proposition (2): the domination number of Banner graph T, , is 2
(ie. y(T.,)=72).
Proof: Let the vertices of this graph indicated as:
II(T4I1) - {131113211331 T"q_; T"i } (See FlgS)

\'i

Fig.5
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We first give the dominating set of this graph by a set S where:
S = {v3,vs}
We prove the minimality of the set S by using the contradiction of
theorem (1). So we suppose S not minimal dominating set that is there
exist a vertex v € § ,such that §" = § — {1} is dominating set of T, - .
Now clearly that v either equal {15} or {15}
So if v = {v,} we have §" = § — {v;} = {v.] from fig.5 clearly there is
two vertices {v.,v,} that adjacent to {1, } not dominating with any vertex
in S’
So clearly that §' is not dominating set (by the definition of dominating
set).
Si%ilarly, when v = {v-} we have the vertex {1»;} that adjacent to {v-}
not dominating with any vertex in §".
So S'is not dominating set
Hence S is minimum
Soy(T..) =15 =2.0
Proposition (3): the domination number T, 5 is 2

(le. v(I..)=72).
Proof: is similarly in Proposition (2). O
In proposition (1) and proposition (2) we proof the cases when m=3 and
m=4 as special case, now we generalize for all m = 3.

Theorem (2): For m = 3 the domination number of Pan graph T, ; is

Im+2]
3

(e y(Tna) = =)

3
Proof: Let the vertices of this graph indicated as:

V(Ts) = (03,02, V3, o Uy, Vs . (See Fig6)

Vm+1

Fig. 6: Pan graph T,
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First we give the dominating set of this graph by a set S where:
S ={visalk=0,1,2,3, .., | = —1]

The minimality of the set S follows from theorem (1) by using the
contrary of this theorem.
Assume that S is not minimum dominating set then 31 € § ,such that

S§'" =85 — {v}isdominating setof T, ;.

Therefore Vu € N[v] , 3k € S—{v}, k e N[v].

For any 17 € S the proof divided into two cases:

Case(1): If v = 1, we have always the vertex that represented to the end
point of the form v, ., that adjacent to 1; not dominating with any
vertex in §' (i.e. N[S'] = V).

So clearly that S is not dominating set.

Case(2): If 1> any vertex such that

m+2

p = {vlmm _ 1,2,3,.”[ :
always minimum one vertex of the form v, . ,,,_, not dominating with
any vertex in S’ (i.e. N[S'] = V).

So S'is not dominating set.

Hence S is minimum

S0 ¥ (L) = 181 = =] . o

2
In the next theorem we except the case that we discuss it in proposition

() for m=4andn = 2 (i.e. y(T,.)=2).
Theorem (3): For m=3 , n=2 and (for m=4 and = 2 ) the
domination number of Tadpole graph T,,, ., IS:

2 1 . m+2 n+l
lm; I+I%J(|.e. V(T n) = l : |+ l : |).
Proof: We indicate the vertices of this graph as two sets the first refer to
the vertices of the cycle graph C,, as { v,,1,, 15, ..., 1, } and the second
to the vertices of path graph P, as {u,,u,,us, ..., %,
So the vertices of this graph indicated as:
V(T;n.l) = {17,175, V3, o, Uy U {1, s, Ug, .., Uy, ). (See Fig.7)

I — 1} that mean v = v,; also we have
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Fig.7: Tadpole graph Ty,

we given the dominating set of this graph by a set S:
§=25, US,, where

Sy = {varailk =0,1,2,3,.., |=2] - 1}

S, has two cases dependent upon n: If n any number within the sequence
n=1{258,11,.,2+3(—-1)]i=1234...}

n+1

We have S, = fusli = 1,2,3,.. 2| - 1} u )

Otherwise S, = {szU = 1,2131..”[":”

The minimality of the set S also follows from theorem (1) similarly in
theorem (2).

For any v € S that is 1~ either inS; or v in 5, so the proof divided into two
cases:

Case (1): If veS, (that v isany vertexin C,,)

the proof of this case is the same in theorem(2)

So clearly that S’ is not dominating set (by the definition of dominating
set) (i.e. [S'] = V).

Case (2): veS, (that v isany vertex in P,)
We have always minimum one vertex of the form u; ;,_; not dominating
with any vertex in S’

So S'is not dominating set.

So chosen S in this way ensures that there is no proper subset of S
dominating T, ,,

% S minimum
F}"(Tm.u) _ S| = Im+zl N I? .

3
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On domination numbers of Book graph —Z-and

Stacked Book Bm= graph:

Lemma (1): For m = 3, the domination number of Book graph B, is 2
(le. y(Bn) =y(Spi1 XP2) =2).

Proof: Book graph B, is the Cartesian product B, =S, .5 X P,

consist always of two(m + 1)-stars union (m+1) path P, having 2(m+1)

vertices so let the vertices of this graph indicated as:

V(B,)=1{12,..mm+1m+2m+3,.2m+12m+ 2] Note that

m+ 1 and 2(m + 1) refer to the center of these two stars

(See Fig.8).

bJ

10

Lh

3 Q
Fig.8
We have given the dominating set of this graph as follows:
S={(m+1),2(m+1)}
It is very easy to proof the minimality of this set.
Suppose S is not minimum this implies that there is a proper sub set
dominating B,,, .
If v e Sthatiseitherv=m+1or v=2(m+1)
Ifv=m+1, let ' =5 — v we have all the vertices that adjacent to v
not dominating with the vertex 2(m+1)=S—-1v =25’
So §'is not dominating set.
Similarly, for v = 2(m+ 1)
So chosen S in this way ensures that there is no proper subset of S
dominating B,,
% S minimum
yB)=15l=2.0
Theorem (4): the domination number of Stacked Book graph 5,,,,, isn

(Ie 1”( Bm.]:) = ]”(Sm+1 X F:':] = ﬂ*)'
Proof: For m = 3 and n = 2 the proof is similar to that given in
Lemma (1) by taking the dominating set of this graph the centers of all
stars
S=m+1,2(m+1),3(m+1),..,n(m+ 1)} O
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Determination and testing the domination numbers
of Tadpole graph Lon , Book graph B and

Stacked Book B graph using matlab:

In this section we write programs in matlab for the purpose of making
sure and certainty of the validity of our theoretical results to compute the
dominating sets S and the domination number of Tadpole graph, Book
graph and Stacked Book graphs. Moreover draw these results in the same
graph by referring to the vertices that domination this graphs with
different color from the other vertices.

We compute examples for special cases of Tadpole graph, Book graph
and Stacked Book graphs by generalizing the results for any (n) and (m)
where in every execution of this programs request an input n or m for this
graphs.

For the domination numbers of Tadpole graph Ly,
By the program below we demonstrate how to find the domination
number of Tadpole graph T,,, ., using matlab:

m=input('m=");
n=input('n=");
a=diag(ones(m-1,1),1);
b=diag(ones(m-1,1),-1);
v=a+b;

v(m,1)=1,;

v(1,m)=1;
f=zeros(m,n);

f(1,1)=1;
I=diag(ones(n-1,1),1);
j=diag(ones(n-1,1),-1);
w=l+j;

d=[[v] [fI;[f]" [wiI;
g=graph
set_matrix(g,d)
distxy(q)

[d,s]=dom(g)

distxy(q)

disp(['the domination number is=',int2str(d)])
distxy(q)
nots=setdiff(1:nv(g),s);
p=partition({s,nots});
distxy(q)

clf;distxy(g)
cdraw(g,p,-','crgh’)
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Fig.(9) explain the particular results of the domination number of Tadpole
graph by using matlab we obtain the same theoretical results.

o
o E P~
l):“‘. - _C ;I))m,,___o_..._..__'_.....-.c
Ts55 T33

T3,1

~g .
Ty Tys
o o
! AN
| —0
é“'“—a-.__ /
Ts, T Tss
e
e
Tsa
— /"\
g —o— o —=¢
o o \‘/
© o
Teq Te2 T6’3

501



[ Ayhan A. & Omar A.

N
J

For the domination numbers of Book graph —B=and

Stacked Book B
By using matlab the program below demonstrate how to find the
domination numbers of Stacked Book graph B,,.,, and by input n=2 for

any m we obtain the the domination numbers of Book graph B.,, :

m=input('m=");
n=input('n=");
a=diag(ones(m-1,1),1);
b=diag(ones(m-1,1),-1);
v=a+b;

f=ones(1,m);

c=[0 [fL;[fT" [VII;
g=graph

set_matrix(g,c)

h=graph

path(h,n)

k=graph
cartesian(k,g,h)
distxy(K)

[d,s]=dom(K)

disp(['the domination number is=',int2str(d)])
nots=setdiff(1:nv(k),s);
p=partition({s,nots});
distxy(k)
clf;cdraw(k,p,-','rcrgb’)
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Fig.(10) explain the particular results of the domination number of
Bmn which is the

Book graph B then Stacked Book graph
same theoretical result.

Fig.(10)
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